1 — the realm of numbers

---------------------------------------------------------------- sssesessesencs

Init One

A visit to the realm of numbers: ¢
integers, fractions and decimals
(

11 Basic notions %

¥
Whole numbers are called integers. N Th y
Numbers can be even : 2, 4, 6, 8, 10, 12 and so on. = i eres
Oredd. 3,5,7,9, 11,13 and so on. OmeThmg Udd about

We can do many things with numbers, and that is the
subject of this book. Here we look at simple operations.

We can multiply them: 2x 2 = 4.

Multiplication is shown by the letter x, or by using a
dot:

Hence:

3x6=18 or3e6 =18
(Three times six equals/is equal to eighteen.)
(Three multiplied by six equals/is equal to eighteen.)

~Yipes! This is a
- replay of the
- Jorcerer’s

Apprenficel.

This is also multiplication.




o
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___ We can divide them: 4 +2 = 2
Or:2/2 =1

This is division.

We show division by using a fraction bar (/) or the Cutting the staff in half
symbol + . .

We can @dd numbers:
2+2=4

3+11 =14

This is addition.

And we can subtract them:
2-1=1

14 -3 =11.

This is subtroction.

We subtract 3 from 14 to get 11.

say it like this
INTEGER: IN-te-jer 2+2=4
2x9 =4 ' Two plus two equals. four.
Two times two equals four. | Two added to two equals four.
A Two times two is four.

4-9=9
o Four minus two equals two.
Two m‘%'“fﬂ“@d by 8 Two subtracted from four
equals sixteen. is/equals/is equal to two.

Fourteen minus three is/equals/is equal to eleven.
Three subtracted from fourteen isfequals/is equal to
eleven. '

- - - -Three subtracted from fourteen vields eleven.

pravy bl ]

STHE LANGUAGE OF MATHEMATICS

to multiply to multiply one number by another [multiplication]

to divide.  to divide one number by another [division]

e te add R “to add two numbers, several numbers; to add one number to another [addition]
to subtract  to subtract one number from another: subtract 3 from 9 to get 6. [subtraction]
hence therefore, thus: 1 + x = 10, hence (therefore) x= 9
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1.2. Working through the operations ¢ V . R —

The description of math operations, or the way we are taught to reason them through, varies from
one country to the next. Here is just one way we do math operations in English. It is not the only
way, but it will give you an idea of how we learned to do them as children in the United States.

A. Addition

Six plus four Is Ten plus seven s seventeen. Bring down

the seven and carry the one (o the tens column). One ]jlus Two.

B. Subtraction

4§ 37
19 S5

It is not possible o Take seven from six (well actual-
ly, 1t 1s, but The result is a negutive number which we shall
not get involved with here). So | borrow ten from the Tens
column. Now | have sixteen. SixTeen minus seven Is nine. Bring

down the nine. Three minus Two is one. Bring down the one.The

remainder (or difference) is nineteen.

C. MulTiplicuTion’

Istart with the last digit of eighty-Two.
Two fimes six is twelve: bring down the two and
carry the one. Two time two Is Four plus one: that

makes five.

Now the first digit of 82: eight times six is forfy-
eight: bring down the eight under the five and
carry the four. Eight times Two s sixteen plus four,’
making twenty. Now | add: bring down the two. Add
five and eight o get thirteen: bring down the ~_
three and carry the one. One and zero, That's
one. Now bring down the two. That’s two thousand-
one hundred and thirty-two.
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Let's see: Twenty-seven divided by five. Five
goes Into Twenty-seven five times: write five up over
seven. Five times five is Twenty-five. Write Twenty-fivé
under twenty-seven and now subtract. That leaves
“two. Now | put in o decimal point after 27 and add o
zero.] bring down the zero and put it after the two:
that makes twenty.| see that five goes into Twenty
exactly Four times. | write four up after the decimal
point. That's five point four.

13. Factors %

1.4. If the integer m divides a evenly, then a is divisible by m, or m is a Facter of a.

If m is a factor of g, there is another integer, SG!!} this
7, such that ‘
_ 12/1 =12 | Complete:
= . 12/2 =6
a=mxn / _ 1,2,3, 4, and 6 are
12 = 4x 3; 12 is a multiple of 4 and 12/3 = 4
also of 3. 12/4 = 3
12/6 =2

‘Factor this! 24°- 2a° + 2ab Factor this! 64 - 122°h + 30a°b*

result: ‘ e greatest common divisor (G.C.D.) of 6,
- 2a(a - ab + b?) 12, and 30 is 6.
_ i . e G.C.D. of &% &% and @° is 4’
~— common monormal factor o G.C.D. of %, b, b*is b.

(or monomial divisor) i )
. largest monomial factor is: 6a’

result: 6a2b(b - 2a + bab®)

@  €xcrcise 1. g@% .€Exercise 2.
%ﬁiﬁ Talk about factors and multiples 53“& Factor the following, explaining
. Z»- for the following integers. - &> the steps.
- .10 . : | 1. 9 — 6t
9, 13 9, 15¢ — 10 + 5x -
o 3 100 3, 5m® — 10m
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14 Rules for multiplication and division 4k S

That’s because addition and multiplication
are commutative and associative (the

In addition and multipli— 5+7=12 grouping does nol maier)
And distributional with respect to
cation, the order dqgsgf 7+5=12 sddition:
matter] That’s neat!  ~ 4x(2x3Y)= 84 ‘ ’
4x(2x3)=24 43+49) =12+8 ‘=20
(4!2)=3=24 — 4(5) QO
* WE: % L8

Say these operations out loud.

1+6=7 6+1=7
9+3=5 349=5
1+42+3=6 |3+24+41=6
9x6 =19 6x2 =19

O9x6x2 =94 6x2x2=24
Qe(6x2) =94 | (2x6)e2 =24

Think it out! Say it out loud! S5k

Answer the following question, explain your reasoning out loud.

1. Above you see that for multiplication and division the “order doesn’t matter.” Qualify this state-
ment. HINT: consider 2(4+5) + 11, which normally gives 29. But I performed it (erroneously) in
such a way as to get 24. Explain. Why do we use parentheses?

gg €xercise 3. 4« and
Lt

To answer the questions you will need to use all the longuoge and terms. Used in
«:..z;ap the preceding sections. '

1. A number of operations will give us the final sum of 2. For example: 2 + 0 = 2. And also: 4 - 2 = &;
100 + 50 = 2; or 1,000 — 998 = 2. Descnbe ot least 5 operations that will give-the-final sum of

4. (k)

What can you say about these mtegers 1,3, 770k
What can you say about these integers: 2, 4, 8 ? (%) R
What can you say about this operation: 12 + 11 as opposed to 12 "f.}fwu i
Whyis 2 + 3 + 4 the same as 3 + 2 + 4? (%kk)
2(3+6) = 18: (2x3)_+(2x6) = 18; or 2x9=18. Explcun whu,thls is s0, (K

o Uk W
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.15, Prime numbers v ..

Any whole number (integer) is divisible by itself and by 1. If p is a whole number greater than 1,
which has only p and 1 as factors, then p is called a prime numbe

2,3,5,7,11,13, 17, 19 and 23 are all primes. Here are
some others:

—29—rd3
31 47
37 53
41 59

- QUESTIONS

'~ Show and explain the reasons for your answers:

I. Are only odd humberg prime numberg?

2. fire dll odd numberg prime humberg? ’

3. Why is 14 not a prime humber?

4. True or fdlse: The prime numbers cannot be divided evenly by dny integers other than
themselves and |.

3

} Think and talK exercise. Think it out! Say it out loud!

Answer the following question, explain your reasoning out loud.

Is there a formula or procedure for finding prime numbers? The following has been suggested. Let #
equal any counting number (thus, any positive whole number). ‘

n e (n+1) + 17 will give a prime number.
Explain this procedure verbally, that is: what you do to obtain the prime number,

Will it yield all prime numbers? (HINT: make a list from 1 through 15).

1. More exciting facts about numbers. sk

Numbers can also be:

Say it like this,

positive: +2, x, 4ab® : V-1
negative: —2,—1/2y the square root of
minus one

rational and irrational! (see pages 23-24 and 26)

~and ifaginary: V=1, V=7

Be an eager beaver! Hurry, furh the page for more ;
exciting, thought-provoking facts about humbers.You’ll gee ¥
that they can really be complex! %
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Numbers can also be COMPLEX.

wesvsessesesesNIRIERINOARIPIROIRERIBRES TS

the realm of numbers

sesssessssessrussses

1

A complex number is a number having the form a + bi , where a and b are real numbers. Exam-

ples of complex numbers:

T T R e T T _"goﬁ"eﬁ’ing -

6 +V=T

Consider this question: what happens to a + bi when b becomes
0? Tt is transformed into, or becomes, a real
number! (Because 0 x 7 is necessarily 0.
So the b7 term disappears...)

a=0?

T

is the same thing as bi.)

And what happens to @ + bi when

The complex number is transformed
into, or becomes, imaginary! (Because 0 + bi

Wait a minute] According to the rule
Just stated the second term must be in
the form bi. [n the last example we have
only the i, it seems!

Can you answer the question? Hint: bis o
coeffident of |.

Operations involving complex numbers:

bivide:
Add: 4 — 2iby 1+ 3

Writing the quotient 4 — 2¢

in fraction form: 1+3

Multiplying both numerator and denominator
by 1 — 3 '

‘ Add: 4 4+ 3%
4+3and—6-4  —6—¢
2+ 21
Multiply:
Add: 3 — 4iby 2 + 3¢
3 — 4
2+ 3i
6+ 8i
+9i —124°
6+ i —12i2

4 -2 X1—3i #—2—141' =-2—l4i
143  1-3 1°-@d) 10

N4 _1-7i

“Thése binomials are Galled " 95~

conjugate complex numbers.
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17 Toing a little forther:

Note how we say it. Now you say it.
7x : "seven times x” of 4x — 9y df 4x — 9y
[76+3) b/ 6(9X-3) o/ 6(OX-3)
“1“Seven times the sum of x o/ 3(c+9y) 3+ 2)
plus 3"

Also note the terms we use in talking about addition and subtraction.

the minuend —> 8

2
the addends< + 8 the subtrahend —> — 2

the sum ——3 'I o the remainder — 6

Also note the terms we use in talking about multiplication and division.

the multiplicand — @ the dividend —= 8 {

the multiplier = 3¢ 8 the divisor —— 2

————

the product —> 1 &

the quotient ——= == 4

| ~ 18. Going o lot forther:

Take. the product 4xyz.

4 is the numerical coefficient of xyz.
4 xy is the coefficient of z.

4yz is the coefficient of x.

Types of expressions:

monomial: x, 2x, 2x2y (one single term)
binemial: 2x-6; -y+2x; 2-y2 (two terms)
triﬁg@iol: %2 + y2 -6; 3 - 4 + 2x (three terms)

polynomial: 2 or more terms .
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Are the following three statement correct? If not, please correct them.

1. The multiplicond is the number that you multiply by to get your quotient.

2. The dividend is the number you need to divide by to get your product.

3. The subtractor is the number you subtract, and the result is the remainder.

Now explain these mistakes:

4. 7(4.+ 9) = 30

5 6+43~-2) =16

One day we
asked three 4

friends of B ! -
ours to find = & ==

the answer to
this problem:

ments to the dis-
Cussion.

Naturally, only
one of them was
right.

Both ot you Incredible,
uys-are way off: ;
- It’s 59] realty

// ‘ incredible.

M. ~  Curly, the friendly As all good
adder, overheard adders khow,
them and quickly the dhswer
added his com-

Explain why 3 of our friends are wrong and how they were able to make the mistakes!

10
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19 Fractions and Decimals %

Say it like this.

' one-half % six-sevenths
5 one-third ho seven-tenths
Y one-fourth i five-elevenths
% two-thirds s seven-twenty-
k  three-fourths thirds -

Note also these ways of saying fractions:

2/3 = two-thirds, or two over three

3/22 = three twenty-seconds, or three over twenty-two

xfy = xovery; xdivided by v.

¥x+1 )

y—6 ~  x plus one over y minus Six.

Now you say these

6
7.
8
Q

10.

]/QOOO

]/8,000,000

]/1 0,000,000,000

‘Exploring the realm of Fractions

a. basic terms %

the numerator 3 3

thé denommotor

Division by zero is undefined, or
not defined. Thus this fraction
is also undefined.

All fractions have a numerator and a denominator, also called the terms of the fraction!

11
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b. basic principles * ‘ L

Note the following principles, noting the language used, then fill in the blanks in the statement
which follows. .

=

Wi
3 ~——|"A fraction with 1-as the denominator is the same as, or is identical to, the whole
/ II number which is its numerator.

<

n }

'I 2 Any whole number, g, is represented by a fraction with a numerator
/ 3 —_ 4 equal to @ times the denominator.

New you should be able to Fill in the blanks.

N
: 3 If the numerator is the denominator, the fraction
/ 3 one. (Answer at the bottom of the page.)

¢. Reciprocals *

One fraction is a reciprocal of another if their product is 1. The reciprocal of 2 is thus 1/2. Therefore:
1 2

re =1

What’s the reciprocal of 4/21?

What fraction can you multiply 4/21 by to get 1?
4/21 o? 1/4 =1

To find the reciprocal of any fraction, interchange the numerator and denominator,
or invert the fraction.

Consequently, in the expression

. | am inverted. Am |
7 /21 . 18 /31 M2listhe _and ' " therefore a reciprocal?
) 18/31 is the

(Answers at the bottom of the page)

Now: to divide the dividend by the divisor, simply invert the divisor and multiply:

7/21 - 18/31 /o1 0 3/1g : 217 /g (= .574‘)

T T T T T T T T T T T T T  osap DUy SUTE/RT puE puspiap
343 S1Tg//, ‘uonsanb puodss oY) 0] SI9Msue SYJ, ‘T (STenbs 110) 0} [enbo st uORIRY on TojRUTIOUSD SYJ SB SWES 9] St I0JRISWNU 94} I
STIMSNY

12 S
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_Exercise 5. Don't forget!
ﬂcwew and Recall Opportunity

7 Note the operation: 91 + 7 = 3. Note the operation: o ¢ b = ¢
1. 2listhe i 5. aisthe
losoge— 6 bisthe
3. 3isthe ) 7. cisthe ,
4. The numerator and denominator are also 8 a°b b ¢ a. This is true
called the of a fraction. because
If you multiply the numerator and denominator (the terms) of a frac- Why would anybody
tion by the same non-zero number, the value of the fraction remains waht to go to all
the same (or: remains unchanged). thig trouble?

I

2/3 . 6/6 12/18
a/x ° y/y = ay/xy

If you divide the numerator and denominator of any fraction by the
same non-zero number, the value of the fraction remaeins the same.

12/30 + 6/6 — /5
%o =3

¥'s in the terms?
They cancel out.

LTHE LANGUAGE OF MATHEMATICS

any any whole number, any integer, any fraction
|te be cqual to 3/1is equal to 3.
to be the same as 3/1 is the same as 3.
to invert Invert 2/3 to obtain 3/2 (the reciprocal).
o to lntcrcﬂaﬂééw - When we interchange the numerator and denominator, 2/3 becomes 3/2.

to remain unchnnged When we multiply any integer by 1, the value remains unchanged (it
remains the same).

to cancel (out) The y’s cancel out. We indicate this using cancellation marks.

13




1 — the realm of numbers

-----------------------------------------

d. lowest terms %k o

A fraction is in lowest terms when its numerator and denominator have no common integral factor
except 1. A fraction not in lowest terms may be reduced to lowest terms by dividing the numerator
and denominator by their common factors.

' Are these in — N Why reduce
Qi i e st s Wy vy racfiors o
' ' L lowest terms?
1, 3, 3% .
‘ 6 eggs or d

3 /8 9 /2 4
To reduce a fraction to llowest terms cancel all the common
factors of the numerator and the denominator.

</7/>, half dozen: it's
) -~ the game thing.

Similarly, to add fractions, all fractions must have a common
denominator.

‘ | / ] What does the value 21 represent in adding these two fractions?
7 + 3 |

Think and Talk Exercise: Think it out! Say it out loud! sk

Are the following true or false? Justify your answers.

1. A fraction is in lowest terms when its numerator and denominator have no common integral factor
except 1. '

2. We can reduce a fraction to lowest terms by dividing the numerator and denominator by any factor of
either term.

3. To divide one fraction by another, it is first necessary to change both to equal fractions having a com-
mon denominator. '

4. To add or subtract fractions it is first necessary to convert them to equal fractions having a common
denominator. e - S

Read and understand sk %k ,

Read the 3 definitions below and then identify the expressions or equations labeled A-€ below.
1. A mixed expression is one with a fraction and one or more that are not fractions.

2. A complex fraction is one that contains a fraction in the numerator or denominator, or both.

3. A fractional equation is one in which some function of the unknown appears in the denominator.

A B/ C/ D/ E/

S 1 1 1 1
I+ — L2 -3 3x-5-——= 2x— 4— — 3x— 5— ——
R x+4  x x 3x 3 3%
s2

"30q JO S$I0JRUIUIOUSP PUE SIOJEISWNY 9Y3 Ul JOJOB] HOWIIOD B S1 £ 9SNIEIR] SULIS) IS9MO] Ul J0U SI8 17/6 PUe g/
TIMSNVY
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__e. decimals &k [ don’t like then.
\ oveTe . They get in my way.
Decimdl points, |

.= adecimal point mean. Frankly, | don’t
- 1.2 = one point two : see their utility. But

.51 = point five one, or point fifty-one. that’s only my
e | The-digits following a decimal point are called a decimal fraction. opihion.

501

5624 ( Every decimal fraction represents a fraction.

.32

Okay! Now let me ask you
one: How do you find the
fraction which a decimd
fraction represents?

You get a decimal
fraction by dividing
the humerator by it (\\
the denominator. '

5

} Think and Talk Exercise: Keaod it This decimal fraction is shown
through; think it out; Say it out loud! 5624 to the f::';::"e"m“'

1. Take the fraction whose decimal is 10 and
whose numerator is the first digit to the right

1 of the decimal point.

9. Take the fraction whose denominator is 100

and whose numerator is the second digit to
the right of the decimal point. '

3. Take the fraction whose denominator is 1,000
and whose numerator is the third digit to the

right of the decimal point.

Continue this procedure until you have used each
digit to the right of the decimal point. The denomi-
~ nator in each step is 10 times the denominator in

the previous step!

C About rounding numbers
257 can be rounded out or off to .26.
We can round up or round down: 2.44 can be rounded down to 2.4, 2.9-can be.rounded up to 3.
Numbers can also be rounded to the nearest tenth, hundreth, thousandth, and so on.

15
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110. Algebraic equations Y&

To solve the problem posed in the story which follows you need the basic notions of algebra. How-
ever, some of the information on the preceding pages can be used to justify the operations involved.
Before you look at the solution below, try to reason it through, and say out loud how you would

solve the problem. ... .. ... . _.

Fenwick was a mathematical genius, and many say that this
explains how one day he won $200 million. Once the tax
office applied a substantial subtrahend and the rules of sub-

2 ‘ traction, however, Fenwick found that his remainder was
Wk BB /57 $80 million.
. /j\ Now Fenwick had two sons, Bick and Bock. His love for Bick
. T was > that for Bock. Bock’s temper was 10> than Bick’s. So
: a P
e P ~E Fenwick was very careful in wording his will: the sum of $80
Ry K i L
= ) N million was to be divided into two parts such that the sum

. of 1/6 of the smaller and 1/7 of the larger was to be 12.
= ’ . == ’:‘AF The larger share was to go to Bick.

== \p /A M@‘ The next day while he was on his way home, he was killed by
- —11 Jilfi] a falling meteor (a subsequent unit will deal with the proba-
: — bility of such an event...)

The attorney is trying to decide how much will go to the
brothers who are getting impatient.

The solution: A new problem for you:

Say all the st@pé out loud as you work out this
} simple algebra problem. (You should also write
Let £ = the smaller part. out your solution).

Divide $80 million into two parts or shares.

Let 80 — x = the larger part. 1/2 some number = 1/3 that same number

Write an equation. +17. Find that number. Don’t forget the proof!

1 1
5 ¥ + 7 (80—x)—.12

7x + 6(80 —x) =504

7x + 480 — 6x = 504

Cx =24

Bick gets the larger share: $80 - $24 = $56
million and Bock gets $24 million. Bock didn’t
believe that this was the correct solution. But
Bick proved it.

1 1 N
5 24=4; —56=8 4+8=12

‘] 6 e e
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_.111._Common symbols encountered in mathematical descriptions Sk

Now is a good time to see whether you know what these symbols describe. Match Column A (the
symbol) with its equivalent expression in Column B. (Answers at the back of the book.)

&

column A coelumn B _
1. = .. 15, «© ... a. is identical to n. is congruent to
Q=16 S b. is much greater than 0. Is less than or equal to
3.0 # 7. [ .. ¢. is much less than P 9“’“““9” or equal to
4 > . . Q. the intersection of € sets
T 18. [, d. is equal to, equals . o
5 s _ r. isinduded in, is o subset of
0 < 19 = ... e. is not equal to s. null (empty) set
7' - 0. U .. f. plus or minus t.. is not an element of
8: > o1 N ... 9. is greater than u. is an ?Iem@nt of
0 < 90 C .. h. is less than V. contains os o subset
T o3 5 _— , £O <ot w. foctorial
10 % T I . © UﬂIOO‘O Se x. the integral token
1§ 24 € ... J. Is approximately equal to between the values a and
19, = .. 5. & ... k. is similar to b of the variables
13 = .. 6. & ... . | the sum of Y. Is not greater than
—_ ) o ¢l th
14~ °7. 1 .. m. integral, the integral of 5 ?S no s than
oainfinity %

- Other commen symbols encountered:

x is proportional to

%%,  subscript: # subscript 1, or x one

%'y’  prime: x prime, y prime
Ax “delta x” : the change in ¥ o
= upper bar to indicate “average”: v, a (average velocity, average acceleration)

¥ Say the following out loud, or explain whether the statements are true or false.

& exerdise 6.

| thought that the length <
the cart, byt the cart « than
~ they are. ‘

6+2 < 7-5
5/ #11/3
w= 314
x >5

x = y+2
X =Y

42 >93

~N o vk W =

More difficult notations:
8. E=0forr>RyE=0forr<R.
9, {EF' } = {F+F} (hote: F represents a vector)

10, Deeq = f2la+1) (sum of the numbers of an arithmetic progression (sequence), where n= the
number of terms or members, @ = the first term, / = the last term of the series. )

17
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112. Common expressions dealing with seTs kA% |
The following expressions may be commonly found in mathematical proofs or definitions.

say it like this

{ } broces..Reod; thé s;t:ofoll “

1. {x}
‘ vertical bar. Read: such that 9. {x|X>5}
{x l x> ] } The set of oll x such that x is 5.0 {xlx=o}
greater than 1. 4, {x]x=<10}

: {I l < —1 The set of all x such that x is
less than or equal to -1.

Féwﬁ,Unit 1: Final excrcises and activities x

P
& @\J ‘;\,g{%‘;s

oo

1. Think of all operations that will yield 4, and not exceeding 2 digits! You should be able to find ot
least 3 operations involving addition, subtraction, multiplication and division. For instance:

3+1
5-1
4x ]
4+

9. The following is o well known number trick. The directions are given on the left and shown moth-
ematically on the right.

[1] Choose any whole number. n

[2] Add 5. ‘ T 5

[3] Multiply by 2. 2(n+5) = 2n + 10
[4] Subtract 4. ' on+ 6

[5] Divide by 2. n+3

[6] Subtract the initial number n+3-n

[7] The result will always be 3; 3,

Now read out these two different number tricks that are shown algebraically.

(17 n (1} n
2] n+3 [9] 3xn=3n
[3] 2(n+3) = 2n+6 3] 3n+ (n+1) =4n + 1
4 en+é6+4(=8n+10) 4] 4n+1+11=4n+12
5] 2n+10_ 445 5] 4n+12_ 43
, 4
6] n+5-n=5 6] n43-3=n -

18
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Numbers

“Integer

whole number

odd

even

digit

factor

common monornial factor
largest monormial factor

a multiple of

prime number

imaginary number
complex number
conjugate complex number
negative/positive number

Other vseful terms

coefficient

monomial

binomial
trinomial
polynomial

Opecrations

T toaddiadd X toy, add x and .

addition

addends

the sum

to subtract: subtract x from y.
subtraction

minuend

subtrahend

the differnce = the remainder
to multiply: multiply y by x
multiplication

multiplicand

multiplier

the product

to divide: divide y by x
division

dividend

divisor

greatest common divisor

the quotient

division by zero 1s undefined
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- Summary of all impertant language

Fractions

decimals

decimal point

decimal fraction
numerator
denominator

the terms of a fraction
reciprocal

to interchange

to invert

pl

Consequently

therefore
thus
hence

4
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2.1 Exploring the realm of powers and exponents S

You are probably familiar with the following. Can you say them? Cover the expressions on the right
and try to say each term.’

az ..o a squared, or: the square of @

A3 e a cubed, or: the cube of @

at Ceriiieii..... a(uaised)tothe fourth power

To generulizeubi’r:* : ~ The subject of powers is

unguestionably difficult. These
b is any number
7 is a whole number greater than 0.
bn means the product of » factors each of which is equal to b.

are the elementary power laws.
The real Tough sTuff is coming.

b Db raised to the nth power
b? b squared
b3 b cubed

an<—exponent 4% = 1 (g to the power zerois 1, ifa # 0)

* o lgl=1/a(atothe powerminus 1is lovera) ... ...

base a2 = 1/a? (a to the power minus 2 is 1 over @ squared)

20 ' -
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=k
’}ij €xplain the following. Say it out loud and write it down.

“Ala/b)" = "™

4, x2 440

Exploring the power laws a bit further 4%

am e q" =" By the addition law of exponents: add exponents to multiply a power by

another power.

a’lat = a"* By the subtraction law of exponents, subtract exponents to divide a power by
another power.
@y =a™ To raise a power to a power, multiply the powers. This is the multiphi-

cation law of exponents. We raise a power to another power by multiplying
the exponents. %

(@b)y" = a"b™ To raise a product to a power, raise each factor to the power.

To raise a fraction to a power raise the numerator and denominator to the
power.

@  €xercise 2. %k

1. b e b = pnim

2. (@h)" = @ - b"

3. (amp =7

5. (ab)3 + 1340

6. da_pm

21
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2.2. Exploring the realm of roots

We take the square root of any nonnegative number, the square root of

: . ; 3 imaginary.
a negative number being undefined for practical purposes. '

n o It is! We're treating

x = the prlncnple nth root ofx o it as undefined for
Dresent purposes

Note these anic relotionships:

ah = vV : @ to the power 1/2 is eqmvalent to the principal square
root of .

&k =Va :atothe power 1/3 is equivalent to the principal cubic root
of a.

| n m  n How intuitively self-obvious
xm/% — (\ /x) — xm that the mth power of
the nth root of x should

be the same as x raised

o The power m over nl

2

The statement x™" means the mth power of the nth
root, or the nth root of the mith power.

e

’ _m/n _ 1 A negative fractional exponent is equal to the reciprocal
x =~ of the number to the positive exponent.

xm/n

Decimal powers, fractional exponenTs and roots Yok

I .

4 — 4/ 10 — 2/5 2/ I — 2
a Cl = _T 3 a
power root

a v — a 7/10 The numerator of a fractional exponent
denotes the power of the base. The
denominator denotes the root of the

Decimal powers should be changed into their b
ase.

equivalent fractional exponents.

¥ Say these out loud.

,Exercise 3.

w%-

1. xh 3. bbb 5 OB T N 9 VO R V] mT g B — 2B
o o 4. V9 6. V8T 8. V(a-by® 10. o= 19, x—153

22
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). 2.3 Going a little farther ok [ agree that [ am a

radical, but [ am not

A radical is an indicated root of a number. Hence, V25, V9, an indicated root Of
a humber. And | don't

Y4, and Vm are radicals. The numbers 25, 9, 4, and m are care o be gimplified.
- radicands. V is the radical sign. The index, or order, of the
— . radical is the figure or letter written above the radical sign
indicating which root 1s to be taken.

Simplifying radicals: %k V20 = v4-v5 = 2V5
Some radicals can be simplified by finding their indicated s . s
roots; others can be simplified by changing them into other V2dxt = V&3 - V3x
radicals. Factor the radicand into two factors, one being the = 24V3% &

greatest perfect power of the same degree as the radical. Take The radicand does not contain a fraction
the indicated root of this factor that now becomes a coefficient | and the index of the radical is the smallest
of the resulting surd (see below). possible number.

% €Exercise 4.
S5 TRUE OR FALSE? Are the following statements true or false. €xplain.

kst S

1. Vo =V + Wy

9. Vxty=vx+Vy %
3 4R =9

4. (a+b)(a+b)=c"+b°

24. Going o lot farther: exploring the realm of rational vs. irrational numbers Yok

Isn't that an uncanny coincidence!
Just like people numbers can be
rational or irrational I'm geting all

wound up in this!

V4 = 2 is a rational number.
A rational number can be expressed
in the fraction form a/b in which @ is a
positive or negative integer and b is a posi-
tive integer. V2 is an irrational number. An
irrational number that is the indicated

root of a rational number is a surd.

Is that where
they get the word
ABSURD from??777?
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@ €xercise 5: Recall and review epportunity %k .
et 5"\

Complete the foHowmg sentences.

“f"': oy

'(w

Any number expressed in fraction form is

._To'get 8 from 2, using only poulers, we,

To get 16 from 2 using only powers we

A number containing one or more variables in irredudble radical form is

The sign Vis called
A number under this sign is colled
The number or other mdrcoUon of the root to be taken is coll(ad

]
2
3
4.
5. The root of a given number is
6
7
8
9

A sum containing one or more irrational roots of numbers is

The infinite scale of real aumbers

There is an infinite number of irrational numbers. Con-

trary to rational numbers that can be expressed as a V V V V V
fraction and that can be a point on the scale of numbers ——&—8&— 66—
irrational numbers have no exact position on such a -2.4595 0 245 V16

scale. Trrational numbers are nevertheless very real.

Question:

If every rational number corre-
sponds to a point on the infinite
scale of numbers, does every point
Another example of an irrational number 1 cm on this scale correspond to a

is v (“pi” : it rhymes with “eye”). : rational number?

" According to the Pythagorean theorem,
the hypotenuse of the triangle shown %
@

here is an irrational number. lcm

25 Scnen‘rmc notation *

Notice how we read out quant1t1es written in scientific notatlon
The speed of light is:

2.997929 x 1010 ¢m sec¢-!
This can be reunded eut to:
3 x 10" ¢m sec!

Three times ten to the tenth power per second.

Lee, ThuT s pretty fast.

Other examples:

3.6 x10-6 three point six times ten to the negative sixth power

41x10%0  four point one times ten (raised) to the twentieth power
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_Say thesec out lovd

1. Plonck’s constant: = 6.6252 x 1027 ergs sec !
6.69262 x 1034 J.S
2. One parsec: = 1.92x 102 miles

I

3.08 x 1013 km _
206,265 AU (astronomical units)
%= | 3. Onelight Yeaf = 588 % 102 miles
= 946 x 1012 km

4. The electron electron mass = 9.110 x 10-31 kg
charge = -1.60219 x 10-19 coulomb

5. The proton: mass = 1.6794 x 10-27 kg
charge = 1.60219 x 10-19 coulomb

2.6.Exploring the realm of logarithms (“logs”) % This is
Logarithms are exponents as the following presentation reveals. STﬂFTIT]g To
get justa
3 is the exponent of the base 10. { _“Tﬂe com-
§ pleated. =

1 X

| - 10° = 1000 m
. , T — N

/ The logarithm of 1000 to

10 is the base. the base 10 is 3.

- MNow say these out loud

1. logy, 1000 = 3 5. logy 956 = 9
o 9. “logis 10,000 = 4 6. logy 64 =3
3 og8=3 7. loge 8l = ¢
- 4. log, 49 =2 8. logs 81 =4

25
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Unit 2 €nd Games: a Fermal mathematical proof. & %%

. Proof that V2 is not a rational number.
To prove: V2 cannot be expressed as the quotient of two integers.

1. - —— Either V2 is rational or it is not rational.

Given: a rational number can be expressed as a fraction.
Suppose that V2 = a/b where a/b is reduced to lowest terms.

IfV2 = a/b, 2 = a*/b?, and a* = 2b°.

Since 2 is a factor of 2b%, it is a factor of a°.

If2 is a factor of a?, it is a factor of a.

If 2 is a factor of g, it is twice a factor of 2b%

If 2 is twice a factor of &2, it is twice a factor of 2b%

If 2 is twice a factor of 2b2, it is a factor of b2

© ® N e ;s w

If 2 is a factor of b2, it is a factor of b.

10. From (5) and (9), 2 is a factor of @ and b, and a/b is not in lowest terms, which is con-
trary to hypothesis. '

11. From (1) and (10), V2 is not rational.

> Unit 2: Final review and recall exercises.
c;%%)g? Do you remember everything? Now is the time to check.

Tl S el

€xercise 1. Say the following out loud. %

1. x7 3351027 5.0 1.6x10°13 7. 6.49x1017 9. 2=y2=2-x7
2. 1014 4. 4x100 6. 9274x10°5 8 201x1013 - 10, (a3 + b) = &2

€xcrcise 2. Complete the following statements. &

1.InV8:31is , 818 ,and 42 1s
2. In 10* = 10,000 : the log(arithm) of 10,000
3. Explain: %2 = V&
4, Explain: " = {x)" = 5™
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__€xercise 3. What can you say about the fellowing? %k

2 — the realm of roots, powers, logs and radxcals

-----------

1. ViZ5 vs. V125

2. VZvs. V8

€xcrcise 4. Explain the steps in simplifying the radical %Ak

1. 5@—5\@6—\/—"

= 30V2x
. -3

THE LANGUAGE OF MATHEMATICS
Summary of all impertant language

square © index
" cube ' order
power | _ rational number
to raise to fhe mth poWer irrational number
exponent . surd
base : scale, scale of numbers
square root ~ scientific notation
the principal #th root of x - . | . hypotenuse of a triangle
" radical : logarithm (log)
radicand

_radical sign -

to simplify a Tadical

27
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oK Ak AAK AARR  RRERE  AAKAKK

Uan R ohk Akk AhAR AR AAR KA R AR
Ak AAhk AAAAA AHARKAK
SR OHIN HHR

Th[’e ok A Aok

Ratios &

3.1 ‘Ratios and proportions %k

A rotio is the numerical value of one quantity divided by the numerical
value of a second like quantity. This means that you cannot relate apples
to oranges. C

Ratios are indicated as fractions 7/10 or using a colon: 7:10. We say,
the ratio of 7 to 10.

a c  Formerly written as:
b~ d ab_::c:d “aistobascistod”
@ and d are the extremes b and ¢ are the means

Q@uick check! Can ybu say this? See unit 1, and then, and only then, the bottom of the page.

N R " uonyiedoxd oy Sur
-A[dTIMWI-SS0I0 Pajyw2 0S]p St OG PUD Pe SJoNpo4d ayj Surputs] soues4xs o] Jo yoniposd ayj of jonba st suvaus 2y fo yonposd ayJ
JUOUNIOS
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_ Batios and proportions: stated differently

1. A ratio is a comparison of two numbers by division. A proportion is a statement that two ratios
are equal.

2. Any two units of measurement of the same quantity are directly proportional.

3. Proportions may also be written: a « F (a is proportional to F: acceleration is proportional to the
force)

3.2. Going a little farther Ak

p 0isthe mean proportienal; it is used for the second and third
== terms of a proportion. )
¢ is the third prepertienal to z and b.

c-lm

C

b Reminder: a’ is read: “a prime.”
a Y’b\' " The corresponding sides of similar polygons are
: proportional: @ is proportional te ¢’ because

¢ C triangle abc is similar te triangle a’b’c’

41% kfﬁxercise 1. % o
Agj“»"?; L N . . .
éj‘“’*j{i’ Comment on the following figures, expressions or equations.
-~ Lo
1. The sides of the two polygons shown:
¢ e _4d_ e _ b
d C’ ¢! - d’ e’ - b
- d’
b b’ .
2. The areas (A and A") of the two polygons
o e’ shown: -
A_c¢_a_ ¢ U
i A e e b
: 3. Triangle 1072.18 N0t veuveevcreneeeerrrerecereneacenne triangle
o . a b ACh. o , sides m, n and o
£ N e sides a,b and c.
o C .
- - A — C 4. We know that ad = bc. Say this equation out
7 B -~ D loud and explain why this is true.

29
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3.3 Variations %k R

A given value (variable) changes as another value (variable) changes. Note these two examples:

iy =20 A2 A4 +2 +4

x | -8 =4 0 +4 +8

Ml [~
|
o~
I
[\
O

An equation
can be shown
graphically.

We graph an

equation using
X > given values X
for x and y. >

For more work
see Unit 5
Functions and
Graphs.

" AA. Direct variation

Direct variation can be expressed by a linear equation, whose graph is a straight line. For the
equation y = 2%, the line has a slope of 3. y varies directly as twice the value of x.

Direct variation can also be expressed algebraically as y = kx, with k being @ constant. Y increases
as x increases if k is positive; y decreases as x increases if k is negative.

B. lnverse variation

The two values change but their product remains-constant: ——— -

Xy =¢
y=c/xX.
X = cfy

y = q/r’: y varies directly as 7 and inversely as the square of 7.
xy = k: x and y vary inversely as k, a constant.

Note: The graph of xy = k, a second-degree equation, is an equilateral hyperbola. (Geometric aspects
are not treated here. See The Language of Geometry).

€. Joint variatien Note the

A=uzxy: A varies jointly @s x and y. use of AS

A =1/2bh A varies jointly @s one-half the product of b and /. here qhd
above)

A = Mv? A varies jéintly as M and the square of v.

product of these variables.

30
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. The inverse square law %k

Light energy radiates away from the source (H). Energy

passing through a unit area decreases as the square of the
distance from the source. At distance d1 and d2, the amounts
of energy received, /1 and I2 are in the proportion:

I, ~ 4md: | d

€xcrcise 2. Rnswer these questions. xx

1. In the case of the inverse square law above, we see that the amount of energy (£) at a given
point is E/4sd?. Express this variation.

2. In the above equations, 477 1s eliminated from the last terms on the right. Why?

3. Express the following using appropriate language from the precedmg page:
y=1/2x
Y asx .x and y are the two - ,and
1/2 is

4. Express the following in the same way:
y=-1/2x
Nowy asx because

5. State the variation in x and » in the following:
xy= -7

2y =%

‘Now write out the Following A% :

1. Vvaries inversely as P

2. d varies-directly as the square of £.

3. S varies directly as x to the fourth power and inversely as the square root of y.

.M varies jointly as the square of p and the square root of v.

4
5. The ratio of , to x, is proportional to the quotient of 7 divided by ».
6

The heat capacity (C) of an object varies directly as the amount of heat which must be applied
(AQ) and inversely with the temperature change (AT).

7. The square of P is in direct proportion to the cubes of a.

8. F valiefsi'di.réfcﬂja‘s the product of m and %, and indirectly as #

9. A varies jointly as one-third the quotient of the square of x and the square of y.

31
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3.4. Progressions (or sequences) %

A. ARITHMETIC PROGRESSIONS

An arithmetic progression (or sequence): 6, The first term is a
O, 12 15,18, - B - The second termis a +d
We can determme the followmg terms by addmg The third term is a+ 2d
3, the common difference. The fourth term is a + 3d
Ouestion: The fifth term‘is a+ 4d
The nth term 1s a+ n—1d

. How can you find the last term, or any given
term, say the 20th of this sequence?

Let g denote the first term.

Let I denote the last term. What can you say about the coefficient of
Let d denote the common difference. d in any given term?
Read and understand * Use that information to do this:

The erithmetic mean '
The arithmetic mean is the term between any 1,351779 .. G1've 2 egqmp]es O,f
arithmetic means in

two nonconsecutive terms of an arithmetic pro- ‘

gression. Now before continuing, look at the 2,4,6,8,10, ... each of the
examples on the right and do the brief exercise.
Now think: here are 3 terms of a progression: 3,
6, 9, ... How does the arithmetic mean relate to

the two nonconsecutive numbers?

sequences

B. GEOMETRIC PROGRESSIONS *

A geometric progression: 2, 4, 8,16, 32, ... Now describe what each letter designates:
Any one of the successive.terms.can be.deter- a
mined by multiplying the preceding term by the 7
same number, the common ratio. )

Can you answer these?

1. In the progression above, each successive The first term is

term is obtained by The second term is
‘ The third term is
2. How does 4 relate to 2? The fourth term is
How does 8 relate to 2? The fifth term is
How does 16 relate to 27 The nth term is

How does 32 relate to 27

Question:

How can we determine the last or any subse- ) ‘
- quent térm of this progressmrﬁ It is ap to you —-—--What-observation will you make that is similar

to reason this out. Continue in the next column. to your observation in the preceding section?

32
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___The geometric mean A%

The geometric mean of two terms is thus the

length of the side of a square of area equal to

the product of the two numbers. For N numbers
it is defined as

The geometric mean of two numbers is the
one and only term between two nonconsecu-
tive terms of a geometric progression. The
geometric mean of two numbers is the mean
preportienal between them. Hence, the geo-
metric mean of 1 and 25 1s + 5, and that of 5

C. The binary sequence: enc type of geometric progression *

Start with one penny (=$.01). Double
y, the sum the next day. You now have
2 pennies, or 2 cents. Double it

Applying the formula for geo-
metric progressions:

[ =a?

' again the following day to obtain 4
cents. Double the sum the next day.
4 How much will you have in one
month’s time? (Assume a month of 30

we find that on the 30th day you
will have amassed

536,870,912 cents, which is
equivalent to $5,368;709.12. In a N

binary sequence each successive

term is double the preceding

term.

DAY 2 DAY 3 DAY 4 DAY

" DAY 1

Ancther impertant characteristic of the binary sequence %
binary sequence Look at the table on the left
carefully. On the left are the
counting numbers from one to
ten. On the right, the first four
terms of the binary sequence is
“shown opposite each number,
with one of its terms circled.
- What correlation or pattern do
you detect? Try to formulate this
pattern in clear language, then
look in the answer section at the
back of the book.

_ccunting number
1

O 00~ O O W N

SCEICEICEICETC)
CEENCISIENSIOI
s~ e r@OEO ~ ~ »
@O@ © = @ » x = o

i
1
i

Question: .
Why is this pattern of special importance to us? (Agan, look in the answer section!)
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D. The sequence of squares *

examples of numbers.

©2,3,4,5,6,7,8,9are
® 25 = 5%:251s

Step 1. Note the following and fill in the blanks

with the appropriate words. (See the answer section.)

1 = 1 = 12
1+3 = 4 = 22
1+3+5 = 9 = 32
14+3+5+7 = 16 = 42
1+3+5+7+9 = 26 = 52
1+3+5+7+9+11 = 36 = 62

\ 7 / Quick recoll: (see the answer section)

i
. / M 1,3, 5,17, 19, 21, 101 are examples of

numbers; 2, 4, 7, 9, 11, 14 are
of 5; 51s the |

..........................................................

numbers; 2, 4, 6, 18, 22, 66, 132 are

numbers.

of 25.

The sums of consecutive odd numbers

beginning with 1 are . When the
consecutive odd numbers are , their
sum is a , whose is equal

to the number of in the original
sequence of odd numbers. From the pattern
above, we can predict that

14+345+7+9+11+13+15+17 = 2

Step 2. What is the pattern? Consider the
counting numbers from 1-10 and their squares.

number square ncw number

1
4
9
16
25

—t

A new number can be obtained from the
square of the consecutive positive whole num-
bers. How? This new number has a special
name. What is it?

To find it add the single digits of the square,
adding resulting single digits so as to have
one single digit. Follow this procedure for
the number 8.

49
64
81
100

© 0 N1 U W N
RO R ©F N N O

—
()

What other striking pattern emerges when
the digital roots from 1-8 are examined?

€. Read and understand: The Fibonacci sequence * %k

Read the description of how this sequence is
formed, and write out the operation in the
space provided on the right.

The first two terms of this sequence must be
one. Each succeeding term is the sum of the
last term and the preceding term. The 10th

term will thus be 55:-What do youobserve —
about every third term?
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3.5 The binomial Theorem &

This theorem provides a way of expandmg any integral power of a binomial. Performmg the multipli-
cation indicated by the integral powers of each binomial gives:

(x+y)'= | 1

vﬁ(x-!-y)l_: T T

(x +y)’ = X +2xy + 2
(x +y) = X3+ 32y 4+ 392 + ¥
(x + y)4 = X+ 43y + ox2y? + 4xy3 + y?
(x+y)Y = X5+ x4+ 10632+ 10x2y3+ Sxyt + y*
(x +y)° = X6 +6x% + 15x%2+20x3y3 +15x24+ 6xys+ 6
Let-n represent the exponent of (x + y).
The first term is ” and the last term is y#.
The second term is nx7-1y.

In each successive term the exponent of x decreases by 1 while the exponent of y increases by 1.

If in any term the coefficient is mulfiplied by the exponent of x, and divided by the number of that
term, the result is the coefficient of the next term.

The number of terms is # + 1.

Pascal’s Triangle %ok
' 1

Two sides are made up of 1’s. Numbers in each row

give the coefficients of the expansion. The first’ 1

and last number in each row is 1. To determine ~ 1

each of the other numbers in a given row, 1\ /2 ~

add each of the 2 numbers nearest it in 1 3 3 1

~ 7 T T

the row above. . 1 4 6 4 4 1

See the End Games for more 1 \ — \ = \1 1
interesting work relating ' ~ / ~ -~ (L (L -

tb Pascal’s triangle. 1 6 l 5 20 1 5 ' 6 1

Question: i
How does thls tnangle relate to the bmomlal expansion shown above and on the next page?

35

e




The Language of Mathematics

----------------------------------------------------------------------------------------------------------------------

The binemial formula
From the preceding discussionwe may derive this formula:

nd b | nn-1)d"%’ nn-Dn-2)a”’b’ 4 n(n-1)(n-2)(n-3)a""b* IRy <

7 — n + +
(@+b/=da+ = 21 31 4]
7 An examples Finding any term of an expansion. Look at the
Expand (x +y)* by the binomial formula expansion on the left and fill in the boxes below.
' s - s ) Write the 2nd term.
(ety)t = P 4xy n 12x1y n 24x!y v 243; |
1 2! 3t 4 ~ Write the 3rd term.

= o+ 4’y + &xB + day® + 5!
. Write the 4th term.

Write the 5th term.

It’s been a very
hard day.
7] of us, Visiting
12] flowers and
ehdihg up with

factorial seven
' 1x2x3x4x5x6x7
= 5040
&

Think and Tolk exercise. Think it out! Say it out loud! Sk

Now examine the four terms you have written. What can you say about:

only 6] grams of
hohey.

—

the exponent of y and the number of the term?

the exponent of x and the exponent of .
the number of factors in both the numerator and denominator of the coeffident with respect to

the exponent of ¢ for a given term?

W o
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" . Unit 3 €nd Games: sequences *

Rnswer the questions.

The pattern on the right should be familiar to you now: the sequence of squares. But what about
the sequence suggested by the triangles on the left? Write the first 7 terms of each sequence.

. @ @ © @ ©

® eeeo6 ©660¢0

[ ] ¢ @ ® @ @ ® © © 0 ® & 6 & ©

™ ... ‘.... ....... @ e e @ © ® & © @ e 8 © @ @

[ ] @ e 0 0 © 6 6 0 @ 0 6 © © [} @ e @ & © @ 6 © © @ © ® @ &
Sequence 1 Sequence 2

Can you now answer these questions?
1. In sequence 1, how is each successive term obtained? That is, what must be added to each preceding
term to obtain the subsequent term’?

9. How is each successive term obtained in sequence 27
2, What relationship is there between sequence and sequence 27 The illustration below moy help you.

The numbers you add to each term to

. . .
e e o obtain the consecutive term
e ee "X N
® e e e e e xXERX!

® o0 eo¢ 600606 ©6e060e /\/ /\ /\/\
1 3 6 10 15 21 28
VXﬁ VARV

The sums of each pair of the ——]

“triangular” numbers terms

14 . = 4 4, Al in missigg numbers of this table that shows on the far left _th@
) sequence of triangular numbers (Sequence 1 above) and on the far right
3+ = 9 | the sequence of squares (Sequence 2 tbove). Urite a brief description of
6 + .. = 16 iJour observations. .
10 + ... = 25
15 + .. = 36
21 + ... = 49
28 + ... = 64
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# Unit 3 €nd Games: Pascal’s triangle revisited %

g,ﬁf ﬁg Answer the questions.

Figure 2
1
1
1 1 1
5 1 1 1
6 1 1 6 6 1
1. Describe the pattern formed by the shaded 3. Describe the pattern formed by the two
diagonal row. shaded diagonal rows. Do the numbers form
- 2. Add the first two numbers: a sequence? (See the preceding game.)
Add the second and third numbers: 4. Add the first and second numbers:
Add the third and fourth number: Add the second and third numbers:
Add the fourth and fifth numbers: Add the third and fourth numbers:
What is the result? Add the fourth and fifth numbers:
What is the result?
ﬁ _Unit 3: Final review and recall exercises.
éf“““f"'\x Do you remember everything? Now is the time to check.
€xercisel. Fill in the blanks with apprepriate terms OR answer the question. %
©) < isa @ Inxy= 4,x andy
As ¥ increases, ¥
@ 4= L isa _ _ @InM=1/sx2y,M
— 9.3 .
® ay are the and bx are the ®Iny =2, xandy ;
y varies directly
€xcrcise 2. Fill in the blanks with appropriate terms.
14 11.8.5. 2 .. is an example of . 14, 11, and 8 are the first three
7 of thlS progression. Each term is obtained by

preceding number. This value is called’

. Algebraically this may be represented by # — 3, in whichn s
and — 3 is . Returning to 14, 11, and 8, 11 is the

. It is also the of 14 and 8.
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is an example of . In this progression each new suc-
ceeding member is found by the ' by a given

4,12, 36, 108 ...

value called

€xercise 4. Describe cach sequence shown algebraically here. K%k

T+ 5
2 (n+nt5)

3. (n3)

4

(4n)

€xercise 5. Discussion of the geometric mean. Hkk

Taking this progression as an example, and taking the two consecutive terms
12 and 36 as an example, describe how we can obtain the geometric mean (the
mean proportional) between these two numbers.

4,12, 36, 108 ...

THE LANGUAGE OF MATHEMATICS
Summary of all impertant language

Proportions and variations Scquences (progressions)
proportion’ variation(s) : a prpgression = a sequence
proportional (to) to vary arithmetic sequence (progression)
similar to direct variation common difference
ratio to vary directly * arithmetic mean

" numerical value Inverse variation ' a term (= member) of a sequence
like: a like quantity to vary inversely consecutive nonconsecutive
alike: two values are alike joint variation successive term(s)
colon () . to vary jointly geometric progression
member(s) of an equation a constant common ratio
the means : to remain constant mean proportional
the extremes geometric mean

binary sequence

sequence of squares
triangular numbers
correlation /to correlate with
a pattern

digital root

mean proportional
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ANSWERS TO EXERCISES

ANSWERS TO EXERCISES

UNIT ONE: the realm of numbers
Complete: Page 5. 1.4. 1, 2, 3, 4, and 6 are factors of 12,
> O

1. The factors of ten are 1, 2 and 5.
2.13 has only two factors: 1 and itself. (It is a prime num-
ber.)
3. The factors of 100 are 1, 2, 5, 10, 20 and 50.

Ex. 2. (page 5)

1. 2a(a — 3a°
2.5x(8x8 — 2x + 1)
3.5m(m — 2) L

Ex. 3. (page 6)

1. 242=4; 2x2=4, 4+0=4; 5-1=4; 7-2=4; 20/5=4;
40/10=4; 100/2=50/2=25-21=4 are just a few.

2. They are odd (and also prime numbers).

3. They are even, each is divisible by 2 (and itself).

4., 12 cannot’ be divided evenly by 11, but can be divided
evenly by 6. : =

5. Because of the dlstmbutlve rule

" 6. As explained on page 7, addition-and multiplication are
commutative, associative and distributional.

1.5. Prime numbers: QUESTIONS (page 7
1. Yes.
2. No. All odd numbers are not prime numbers. Consider:
9,15, 21, and 27.
3. Because 14 is divisible by 2 and by 7, and prime numbers
are only divisible by 1 and themselves. (have only 1 and
themselves as factors).
4. True. (as explained above)
Think and Talk exercise (page 7)
The formula will not give (yield) all the prime numbers.
Page 8: Complex nimbers. The coefficient of i can be

- assumed to be 1, a real number.

Ex.'4. DON'T FORGET

1. The muléiplier is the number that you multiply (the mul-
tiplicand) by to get your product. .. e

2. The divisor is the number you need to divide (the divi-
dend) by to get your guotient.

3. The subtrahend is the number you subtract (from the
minuend) to obtain the remainder correct in this exercise.
Note that the remainder is also called the difference.

4. The mistake was: (7x4)+2= 30, instead of 7(6) which
yields 42.

5. The mistake: 6 + (4x3) -2 = 16, instead of 6 + 4(3-2) =
6 + 4(1) = 12.

CREATURE FEATURE (page 10):

Soho calculated like this: 6+(4x6) -1 = 30-1 = 29.

Bozo did it like this: 6+4=10x(6-1) = 50.

Dodo did it like this: (6+4)(6) -1= 10(6)-1 = 60-1= 59.
Curly did it correctly: 6+ 4(6-1) = 6 + 45) =6 +20=
26. .

Ex. 5. (page 13)

1. the dividend; 2. the divisor; 3.the quotient.

4. terms

5. multiplicand; 6. the multiplier; 7. the product

8. of the : assoc1at1ve, commutatlve and distributive laws

_terms.

THINK AND TALK EXERCISE (page 14)

1. True. When both numerator and denominator have no
common integral factor except 1 the fraction is in lowest
2. False. We do so by d1v1d1ng both numerator and
denominator by their common factors.

- 3. False. Simply invert the divisor and multiply.

4, True.

READ AND UNDERSTAND, page 14

A: complex fraction; B: fractional equation; C: fractional
equation;  D: mixed expression; E: complex fraction
(because the unknown is in the denominator)

1.10. A NEW PROBLEM FOR YOU (page 16)

" Let x equal the number. Now write the equation: 1/2x =

1/3x+17 (one-half x equals one third x plus seventeen).
Subtract 1/3x from the right-hand side of the equation to
bring the unknown to the left-hand side: 1/2% - 1/3x = 17.
Change the two fractions to equal fractions with common
denominators, obtaining: 3/6x - 2/6x=17.

Perform the subtraction, obtaining: 1/6x=17.

Multiply both sides of the equation by 6 to eliminate the
fraction: x=102.

Proof:

1/2(102) = b1.

1/3(102) = 34

Does 51 = 34 + 177 Yes.

. 1.11. MATH SYMBOLS (page 17)

1./ 2.d/ 8.¢/ 4.g/ 5b/ 6hn/ T.c/ 8p/
9.0/ 10.y/ 11.z/ 12.j/ 13.a/ 14.k/ 15 aa/
16.1/ 17.m/ 18.x/ 19.n/ 20.i/ 21l.q/
22.v/ 23.v/ 24.u/ 25.t/ 26.s/ 27.w

UNIT TWOQ: Powers, roots, logs and radicals

Ex 1. (page 21) 1. a to the power of minus one is 1 over &
to the positive #.

2. A fraction to the power of minus one is the reciprocal
of the fraction.

Ex-2:(page21)-1-b-tothe nih power multiplied by b to
the mth power is equal to b raised to the sum of the two
powers, # and m. To multiply powers of the same base
we add the exponents.

2. The product of ab raised to the power # is the same as
the product of each factor raised to the same power.

3. ¢ raised to the mth power , and the result then raised
to the nth power is equal to & raised to the product of the
two powers. We raise a power to a power by multiplying
the powers: @ =a™ "

4. x to the power minus two, plus y to the power zero

5. The product ab raised to the power minus three plus x
to the power three minus y to the power zero.

6. Four (raised) to the power ¢ minus b (raised) to the
pOWer m.

Ex. 4. TRUE OR FALSE (page 23)

1. vy is not equal to v + vy : for instance, V(9)(16) #
V9 + V186, but it is equal to V9 * V16

2. Vx+y is not equal to V& + vy

3. True. 412 = 2,

4. Very false. (a+b)(a+b) =q2 + 2ab + b2

esssvssssssecses
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Ex. 5. (page 24)

1. a rational number; 2. raise 2 to the third power;
raise two to the power four 4. an irrational number
5. aradical 6. a radical sign 7.aradicand 8. the
index or order.....9 .a surd

3.

Unit 2: Final review and recall exercises (pages 26-27)
Ex 2.(page 26) 1. 3 is the index or order of the radical , or
the root (here the cubic root), 8 is the radicand, V8 is the
radical, and 42 is the root (+2 being the principal cubic
root of 8.)

2. The log of 10,000 to the base 10 is 4.

3.z to the power 1/2 is equal to the principal square root
of x.

4. xm/n means the mth power of the nth root, or the nth
root of the mth power.

Ex. 3. (page 27) 1. The square root of 125 is an irrational
number the value of which to four decimal places is
11.1803. The cubic root of 125 is 5, a rational number.

2. The square root of -4 is an imaginary number. The
cubic root of -8 is -2.

Ex. 4. (page 27)1. The radicand is factored into two fac-
tors (5v36 and v2x), one of which is the greater perfect
power (here: 36) of the same degree as the radical. We
next take the indicated root of this factor (6) which now
becomes a coefficient of the resulting surd.

2. We simplify the radical with a fractional radicand by
first multiplying both terms of the fraction by 2 to make
. the denominator a perfect square (16). We transform the

single-fraction radicand into a fraction with a radical in
both numerator and denominator, since V4/16 = V4/V/16.
Finally we take the root of the denominator: 4.

UNIT THREE Preportions, ratios and sequences
~b'c'd . The correspondmg sides of similar polygons
are proportional. ¢ over ¢ prime is proportional to d over
d prime, which is proportional to e over e prime and so
on.

2. The areas of two similar polygons are proportional to
__the squares of thelr corresponding sides.

3. Triangle man is not similar to triangle ach. Therefore,
sides m, », and o are not proportional to sides ¢, b and c.
4, We know that ad=>bc because in any proportion, the
product of the means equals the product of the extremes.

Exercise 2(page 31)

1. E varies inversely as the product of 4, pi, and the

square of d. As d increases, E decreases.

2. The expressions 4p are canceled out. Ina fraction, the
~ same number in the numerator and denominator is equal

fol.

3. Y increases as x increases and the two are in direct

variation. 1/2 is a constant.

4.9¢ decreases asx mcreases because the constant is neg-
. at1ve e e

5. zy=-7. inverse vanatlon y decreases as x Increases.

2y=x: direct-variation y increases as x increases.

Write out the following (page 31):

LV=YP 2.d=2 3.S=xdNy 4.M=p%v 5.

“ssrsesscvsersescans ssseecsenee
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%/ %, =mn 6.C=AQAT 7

7. P2 =q 8 F=mvxfr 9.4 =130

3.4. (page 32)A. Arithmetic progressions: the coefficient of d
in any given case is always one less than the number of
the term.

Arithmetic means: the arithmetic mean is always the aver-
age of the two nonconsecutive numbers.Consider: 5, 7, 9 7
is the arithmetic mean and is the average of 5 +9=14/2.

B.Geometric progressions (page 32):

Can you answer these?

1. Each successive term is obtained by multiplying by 2..
How does 4 relate to 2? 4 = 22

How does 8 relate to 2? 8 = 23

How does 16 relate to 22 16 = 24

How does 32 relate to 2? 32 = 2°

(The common ratio is thus an exponent.)

let a be the first term; let 7 be the common ratio, let [ be
the last term.

The first term is a.

The second term is az

The third term is ar?

The fourth term is a7°.

The fifth term is a7,

The nth term is a”*

1 =g

What observation is possible? The exponent of 7 in any
given term is always one less than the number of the
term.

C. Binary sequence (page 33)

The pattern shows that every counting number on the left
can be expressed by one term, or by the sum of several
terms, of the binary sequence shown on the right.

This is of obvious importance in the binary system: the
binary sequence finds use in transcribing numbers and
instructions used in computers and electronics in which all
information is in base 2 or binary numerals.

F

D. Sequence of squares (page 34)

RECALL: (1.) 1,3,5,17,19,21, 101 are examples of odd num-
bers; 2,4,6,18,22,66,132 are examples of even numbers.

(2. 2,3,4,5,6,7,8,9 are consecutive numbers; 2,4,7,9,11,14
are nonconsecutive numbers.

(3.) 25 is the square of 5; 5 is the square root of 25.

Step 1. The sums of consecutive odd numbers beginning
with 1 are squares. When the consecutive odd numbers are
added, their sum is a number (square) whose square root
is equal to the number of digits/terms in the original
sequence of odd numbers. From the pattern above we can
predict that 1+3+5+7+9+11413+17 = 92 (nine being the
number of terms in the sequence).

Step 2. The new number is the digital root of the square.
For example: 8: The square is 64. Add the two digits: 6+4 to
get 10, another two-digit number. Now add the two digits of
this last number: 140 to get 1, the digital root of 8. The digi-
tal roots of 1-8 form a palindrome (The same sequence is
obtained reading forward or backward}.
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E. Read and understand (page 34):The Fibonacci sequence
11235813.21 34... Every third term is evenly divided
by 2. ..

—-3.5:Pascal’s triangle - ——=z-
Question: The numbers ma gwen row correspond to the
numerical coefficients in the binomial expansion, with each
row corresponding to the integral power to which the bino-
mial is to be raised. .

Binomial formula (page 36): The 2nd term: 4x y/l the 3rd
term 124” y /2l the 4th term: 24xy /3l -the 5th term:

24y /4'

Think and Talk exercise (page 36): 1. The exponent of y is
one less than the number of the term. (Note: y does not
appear in the first term).

2. The exponent of x is #» minus the exponent of y for that
same term.

3. The number of factors in both the numerator and denom-
inator of the coefficient is the same as the exponent y for
that samhe term.

. UNIT THREE: End Games: Sequences

The first 7 terms of sequence 1: 136 101521 28

The first 7 terms of sequence 2: 2 4 916 25 36 49

1. The successive term is obtained by adding the next

counting number as shown in the illustration: 1+2 = 3; 3

+3=6;6+4 = 102and so on.

2: In sequence 2, each successive term is obtained by

adding the next highest odd number: 1+3=4; 4+5=9;

9+ 7=16 and so on, forming the sequence of squares

(square numbers).

3. To any given term of sequence 1, add the next term in

that same sequence to obtain the next term in the

sequence of squares.

4, To the first “triangular” number is added the next high-
- est “triangular number” (143) to obtain a term in the

sequence of squares. (1+3=4; 3+6=9, and so on)

UNIT THREE: End Games: Pascal’s triangle revisited

(page 38) Figure 1. (1) The pattern: the consecutive count-

sequence (progression). In this progression each new
successive member is found by multiplying the preceding
term by a value called the common ratio (here: 3).
Ex. 4. (page 39) 1. The common difference is +5: add 5
to a given term to obtain the successive term.

2. To any given term add the sum of the value of that
term and 5. (2, 9, 23, 51 and so on).

3. multiply the term by 3 to obtain the succeeding term
(thus, a geometric progression).

4. multiply the term by 4

Ex. 5 (page 39)

The geometric mean, or mean proportional, is the square
root of the product of the two consecutive terms, or as
stated earlier, is the length of the side of a square whose
area is equal to the product of the two numbers. This is
fine when the two terms are 5 and 125 for the product
will be 625 (the area of the square) and the side will be
the square root of 625 or £25. But in this case the prod-
uct of 12 and 36 is 432 and the square root: 20.7846.

UNIT FOUR: Permutations, Combinations & Probability

Application exercise: throwing a die, page 41.

The chances of your number coming up are 1/6. The
probability is one out of six, or one over six, which works
out to approximately 18%. The odds against your number
coming up are 5/6, or approximately 83%.

Talk and think exercise: Think it out, say it out Joud.
Pasha and the fish, page 41.

1. The total number of combinations of 12 fish taken 2 at
a tile is given by 12x11/2! which comes out to 66.

2. The total number of ways of combining 1 red fish with
one white fish is 7x5 which comes out to 35.

3. The number of possible favorable events, or the
chances of having 1 red fish and 1 white fish are 35/66 or
approximately 53%.

4. The odds against having one red and one white fish are
31/66 (thirty-one to sixty-six) which works out to approx-
1mately 47%

ing numbers. (2) The sums: 3’6 7 9 11;the pattern: the
consecutive odd numbers. .

Figure 2. (3) The pattern: the tnangular numbers seen in
the preceding End Game (4) The sums: 4 9 16 25; the pat-
tern: sequence of squares

UNIT THREE: Final review and recall exercises

Ex. 1. (page 38) 1. a ratio (and a fraction, of course). 2.a
proportion (and an equation, too). 3. ay are the extremes,
bz the means. 4. x and y vary directly. As x increases, ¥
decreases. :

5. M varies jointly as x and »

6. % and y are in direct variation. y varies directly as twice
the cube of x.

Ex. 2. (page 38) An example of an arithmetic sequence. 14,
11 and 8 are the first three terms (members). Each suc-
ceeding/successive term is obtained by subtracting 3 from
the preceding number. This is the common difference. » is
any number in the series, -3 is the common difference. 11
is the arithmetic mean between 14 and 8 and is also the
average of 14 and-8

Check that you understand, page 42.

1. p = y/x+y: this expresses the probabxlity that the
event will not happen, that is, the odds against it happen-
ing. If x=0, this means that the event is certain not to
happen.

2. The probability of a favorable event is the ratio of the
total number of possible favorable events over the total
number of all events, both favorable and unfavorable. If
x=0, the probability of a favorable event becomes 1, that
is, it is certain to happen.

3. This equation states that the number of favorable
events added to the total number of unfavorable évents
must be equal to 1. Or, equivalently, the probablhty that
something will happen + the probability that it won't
happen is equal to L.

UNIT FIVE: Functions and their graphs

Think and Talk exercise..

1. True. 2. True.

Exercise 1.

Ex. 3 (page 39) 412 36 108 is an example of a geometric

1. first degree (in«) 2. second degreeiny 3. first
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4. second degree inx andy 5. third

6. fifth degree inx and y.

degree in x
degree inx and y

Exercise 2.
1. a first degree function of x; 2. first degree function of x;

..3.second. degree function of x and y; 4. third degree

function of x and ; 5. second degree function of x and y;
6. third degree function of x andy; 7. fifth degree func-
tion of x and y; 8. third degree function of x andy; 9.
fourth degree function of x

Exercise 3.

1. For gny value which we assign to x there is always a
corresponding value of y, and conversely.

2. A function may be defined as a relationship pairing two
sels of numbers swuch that to each number in the first sef
there corresponds one and only one number in the second
sel.

3. A function exists when two variables are so related that
for each value of one variable(the independent variable)
there is exactly one value of the other variable (the
dependent variable).

4. The first expression is rational, while the second is not
because the exponent is not a positive integer.

5. The first is an integral expression, while the second is
not because it contains the unknown in the denominator.
Definition: page 50

The y-intercept of a linear graph is the distance from the
origin, 0, to the point where the graph of the line inter-
sects the y-axis.

5.4. Section B: Other functions with curved graphs.
Hyperbolas: As x approaches 0, y approaches infinity. x and
y are variables, They vary inversely.

Ellipses: In the equation above, for any value of 2>5, y
Will be imaginary.

Definition: An ellipse is a locus of points the sum of

. whose distances from two given points (the foci) is con-

stant.
5.4. Functions and their graphs (page 53).
The graphed function should look like this:

R x=-2, y=10

A B X= O, y= 2
Hox=+1,y=1

i x=+2, y= 2
T x=+5, y=10

5.4. Fill in the description:

Point Q is the turning point of the curve. At Q the func-
tion changes from a decreasing function to an Increasing
function. The coordinate -2 represents the minimum
value of the function.

This parabold is.concave upward or U-shaped as opposed
fo the parabola shown in the next figure. Parabolas will
have this shape when the coefficient (of x) is positive.
The parabola in figure 2 is concave downward. A parabola
will have this shape when the coefficient of x is negative.

Point P represents the turning point.
B. Other functions with curved graphs: page 54

B1: As x approaches O, y approaches infinity (since a
denominator of zero is undefined). x and y in the equation
xy=c, where ¢ is a constant, vary inversely.

B2: For any value £>5, y will be imaginary.

Definition: An ellipse is the locus of points the sum of
whose distances from two given points (the foci) is a con-
stant.

Think and Talk: page 54.

1. If ¢=0, the resulting graph will be two intersecting
straight lines.

2. Hf xy=0 the two intersecting straight lines coincide with
the #- and y-axes, respectively.

3. If a=b, then the resulting geometric figure will be a cir-
cle, not an ellipse.

4. A. A circle results from the equation x2 + y2=72. A circle
is a locus of points at a given distance (OP) from a given
point (here: O, the origin). The formula may be derived by
applying the Pythagorean theorem: OB=x; BP =y and OP
= ¢ (the radius).

B. An ellipse is the locus of points the sum of whose dis-
tances from two foci remains constant. If P is any point of
the ellipse, then PF + PF' =k (a constant). %
C. A hyperbola is the locus of points the difference of whose
distance from two given points (the foci) is constant. IfPis
any point on either branch of the hyperbola, then PF - PF'
= k (a constant)

Exercise 6

9. the limit of a root is the root of the limit

3. the limit of a sum is the sum of the limits

4. the limit of a difference is the difference of the limits

5. the limit of a product is the product of the limits.

6. Here’s how to write the limit of a quotient 1s the quotient of
the limit:

i f@ S )
z>e g&) T fim g@)
x—>a

Exercise 7

Function #1: differentiable

Function #2: non differentiable, x=1 tangent line is vertical
Tunction #3: non differentiable, a discontinuous function
Function #4: non differentiable at x=-2 (discontinuous).
Think and talk exercise, page 58.

If we attempt to integrate x°1, applying the power rule, we
will have 0 in the denominator (1/0) and division by zero is
undefined.




