SEEE=

UNIVERSITE DE HAUTE-ALSACE
TRIMAS, Département de Mathématiques

THESE

pour obtenir le grade de
Docteur en Mathématiques

présentée par

Francisco Chaves

HOLONOMY AND
EQUIVALENCE OF ANALYTIC
FOLIATIONS

Frank Loray Université de Rennes I

Helena Reis Université de Porto

Dominique Cerveau Université de Rennes 1,

Yohann Genzmer Institut de Mathématiques de Toulouse
Daniel Panazzolo Université de Haute-Alsace

(
(
(
(
(

Rapporteur)
Rapporteur)
Examinateur)
Examinateur)
Directeur)



ii



Remerciements

Parler de personnes importantes a cette époque en quelques pages est une
tache aussi difficile qu’écrire la these elle-méme.

D’abord, je tiens a remercier le Pr. Daniel Panazzolo qui était avec moi a
travers toutes les étapes de ma these a m’instruire et a me corriger. Pour avoir
été patient avec les choses que je ne comprenais pas et pour avoir toujours été
didactique et organisé dans nos conversations. Je vais certainement employer
ce que vous m’avez appris durant ces années pendant longtemps. Je suis tres
reconnaissant aux professeurs Frank Loray et Helena Reis d’avoir accepté d’étre
rapporteurs de ce travail, sans leurs travaux cette theése n’existerait pas. Merci
également aux professeurs Dominique Cerveau Yohann Genzmer de faire partie
de ce jury.

Chronologiquement, je tiens a remercier le Pr. Alexandre d’avoir eu confi-
ance en ma facon de travailler et de m’avoir recommandé pour ce poste. Peu
de temps apres, il y a toutes les personnes qui m’ont soutenu émotionnellement
pour faire face au changement de pays et surtout a I’éloignement de mes gargons.
Pour n’en citer que quelques-uns, je remercie tous mes collegues de Master, par-
ticulierement Roger. Gréace a d’innombrables entrainements a loral, j’ai réussi
a atteindre un bon niveau pour la soutenance de ma maitrise.

En ce qui concerne mes enfants, je dois remercier Rafaela pour tout le temps
qu’elle a eu a s’occuper d’eux du mieux qu’elle a pu. Un grand merci & ma sceur
qui était souvent tante, mere et pere. Leur présence aupres d’eux m’a permis de
me détendre, sachant qu’il y avait quelqu’un de prét a faire tout ce qu’il fallait.
A mon frére, merci pour tes conseils sur la facon d’agir et pour avoir, toujours
dit la vérité, aussi dure soit-elle. Je te souhaite tout le meilleur pour I’avenir.

A Mulhouse, et méme avant ca, je remercie Hamilton pour tout, et ici je de-
vrais écrire TOUT. Pour calmer ma mere, pour m’avoir expliqué les différents
papiers, pour venir me chercher en Suisse, me montrer Mulhouse, etc. Je pour-
rais passer des heures et des heures a lister tout ce qu’il a fait pour moi. Aninda
et les cacahuetes vous étiez mon groupe a Mulhouse. Les soirées n’auraient
pas été si intéressantes sans vous. Toutes les blagues, les conversations, les
déceptions amoureuses, tout était remarquable. Méme les chimistes n’avaient
pas prédit que des sujets aussi distincts généreraient un mélange aussi homogene.

Pendant la période de confinement, pendant presque un an, j’ai été confiné
dans 16m2. Ce fut sans aucun doute un moment de grande réflexion. Je dois
beaucoup a Beatriz pour toute sa présence. Souvent méme sans parler, mais la,
sur I'écran. Pour les films que nous avons regardés ensemble et pour toutes les
milliers d’histoires et de plaintes que je t’ai racontées. Je pense que je devrais
remercier Mark Zuckerberg pour cela aussi.

Le laboratoire de nouveau réuni, les apres-midi étaient plus légeres avec la
présence de Thomas et Quentin. Le Shamrock a de nouveau pris sens avec
vous. Pourquoi pas un shot de schnaps ? Venant de Mulhouse, je voudrais
citer Marouane et Pablo, des amis que la salle de sport m’a amenés. Pour les
dimanches apreés-midi a toujours essayer de construire une équipe avec Momo,
méme si cela ne fonctionne presque jamais. Mulhouse est plus amusant avec

iii



vous les gars.

Enfin, merci a M. Makhlouf et Mme Kuhn pour tout le soutien administratif
et toujours le sourire aux levres pour mes questions, ainsi que tout le personnel
de 'université qui m’a aidé a un moment ou a un autre.

v



Contents

iii

Introduction] vii
Index of notations| XV
1  Regular analytic foliations and their holonomies| 1

Emir T i R

12 Endomorphisms, automorphisms, and derivations| 7
2.1 The formal rings| . . . ... ... ... ... ... 0000, 7
8
9

2.2 The subrings Or{z} and O, r{z} of convergent serie . . . . . .
2.3  Endomorphisms|. . . . . .. .. oo

13 Singular foliations: holonomy and normal forms| 11
3.1 Singular foliations and holonomy| . . . . . .. ... ... ... .. 11
3.2 Normal forms for vector fields| . . . . . . ... ... ... . ... 13
3.3 Path lifting method| . . . . . ... ... ... ... ... ... 15

4 The exponential map and the Lie bracket| 19
4.1 The exponential map|. . . . . . ... ... ... 20
M2 ThelieBracketl. . . . . .. ... .. ... ... .. ... ..... 22
4.3 Normal form of x-normalized Dgr-transversely Formal Vector Fields| 25

[ Characterization of singular foliations by the holonomy] 29
.1 Fuchsian singularity and the preparation of the linear part|. . . . 29
5.2 Holonomy and equivalence of x-normalized foliations in a neigh- |

| borhood of SY. . . . . ... 31
[5.3 Proof of Main Theorem and its corollary in dimension 3| . . . . . 35
.4 The (z,z)-preserving Endomorphisms| . . . . ... ........ 38
[5.-5 The almost optimal no transverse positive resonance property] . . 39
5.6 Crossing type foliations in C*| . . . . .. . ... ... ... .... 44

Introduction en francais| 53




|IRésumé en francais|

vi

61



Introduction

The analytic classification of singular analytic foliations in dimension two
and its connection with the analytic conjugation of the corresponding holonomies
was one of the central results of the well-known paper of Mattei and Moussu
[MMS80b] in 1980.

Later in 1984, Elizarov and I'Yashenko [EI84] proved that, in dimension
three or greater, if we add some restrictions on the vector field that generates
the foliations, the analytic conjugation of the holonomies corresponds to the
analytic equivalence of the foliations. In the year 2006, Helena Reis [Rei06]
reproved the same result, but with a simpler method.

In more details, the authors consider germs of singular analytic vector fields
X in (C™,0) for n > 3, with A1,..., A, as the eigenvalues of the linear part of
X, verifying:

1. The origin of C" is an isolated singularity of X.

2. X is of Siegel type (i.e, the convex hull of Ay,..., A\, contains the origin
in C).

3. All the eigenvalues are nonzero and there exists a straight line through
the origin of C separating \; from the others eigenvalues in the complex
plane.

4. Up to a change of coordinates, X = Y7 | X;z;(1 + fi(2))0s,, where z =
(#1,.-+,%n), and f; is a germ of analytic function such that f;(0) = 0 for
all <.

In [EI84] and [Rei06], it is proved the following.

Theorem ([Rei06], Theorem 1). Let X and Y be two germ vector fields, ver-
ifying (1),(2),(3) and (4). Denote by Ax and Ay the holonomies of X and
Y relatively to the separatrices of X and Y tangent to the eigenspace associ-
ated with the first eigenvalue, respectively. Then if Ax and Ay are analytically
conjugated, X and Y are orbitally analytically equivalent.

In this work, we drop the hypothesis (1), and weaken (2), (3), and (4). As
consequence, we enlarge the set of vector fields for which the equivalence between
the conjugations of the holonomies and analytic equivalence of the foliations
holds.
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More precisely, we treat a class of germs of singular analytic foliations called
crossing type. A crossing type foliation in (C"*1,0) is a triple (F, H,T') such
that:

i. F is a germ of 1-dimensional analytic foliation.
ii. H is a smooth hyper-surface and I" is a smooth curve such that:

(a) H and T are transverse at the origin.

(b) Both are invariant by the foliation F.

iii. Each local generator of F has a nonzero eigenvalue in the I'-direction.

Figure 1: Transversality of H and I' at origin

As in the papers cited above, we have to demand a property on the eigen-
values of the linear part of the local generators. We say that a vector field,
with 1, uy ..., 4y, as the eigenvalues of its linear part, has no transverse negative
resonance if no element in the positive cone

C= {Zpiui;pi € Z>0,p1+ - +pn = 1}

i=1

can be written in the form p; + ¢, with ¢ € Z>1, for any 1 < j < n, see Figure
As consequence of the definition of crossing type foliation, there exist local
coordinates (z,z), so-called adapted to (F, H,T'), such that the hypersurface H
and the curve I" are expressed by H := {z = 0} and I' := {z = 0}. Moreover, if
the local generators of (F, H,T') have no transverse negative resonance, we can
choose a local generator in these adapted coordinates which has the form

0, + Z Z 4320, + Z bi(z,2)0,,, (1)
i=1

i=1 j=1
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Figure 2: No transverse negative resonance

where (a;j)nxn is a constant matrix, and b;(x,0) = gg? (z,0) =0 for all 4,5 €
J

{1,...,n}. We say that a vector field of this form is an z-normalized vector
field.

Our main goal is to classify such singular foliations up to analytic equiva-
lence. Here, we say that two crossing type foliations (F, H,T') and (G, L,2) are
analytically equivalent if there exists an analytic change of coordinates mapping
the leaves of F to the leaves of G and the pair (H,T") to (L, ).

The following theorem is the main result in this work. We adapted and gen-
eralized an idea originally introduced in the thesis of Arame Diaw [Dial9, [DL20]
to prove it. Below, we denote by I'-holonomy and Q-holonomy the respective
local holonomies along the curves I' of F and 2 of G.

Main Theorem. Let (F,H,T") and (G,L,Q) be two crossing type foliations
such that:

(a) The linear part of the local generators of F and G are conjugated.

(6) The local generator of F (and therefore of G) has no transverse negative
resonance.

(c) The respective I'-holonomy and 2-holonomy are analytically conjugated.
Then (F,H,T) and (G, L,Q) are analytically equivalent.

Motivated by the Main Theorem, we say that a crossing type foliation
(F,H,T) is analytically classified by its linear part and its T'-holonomy if all
crossing type foliations (G, L, Q) with a conjugated linear part and a conjugated
Q-holonomy to (F, H,T") is analytically equivalent to (F, H,T).

As a consequence of this theorem, we can give a unified proof for a result
obtained with different tools by Mattei and Moussu [MMS80b] and later by Mar-
tinet and Ramis [MR82]. In a recent paper [DL20], Diaw and Loray also use
similar techniques to reprove this theorem. In our notation, we can enunciate
it as follows.
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Corollary A. Consider a crossing type foliation (F, H,T) € (C2,0) which has,
in adapted coordinates, an x-normalized local generator of the form

where [ is a germ analytic function such that f(0,0) = X. Then two cases can
occur.

1. The eigenvalue A belongs to C\ R<g, then (F,H,T') is analytically lin-
earizable.

2. The eigenvalue A belongs to R<q, then (F,H,T') is analytically classified
by its linear part and its I'-holonomy.

We recall that a germ of singular vector field in (C™,0) with eigenvalues
ALy ..., Ap is in the Siegel (resp. Poincaré) domain if the origin lies (resp. does
not lie) in the convex hull of the eigenvalues in C.

Proof. In the Poincaré case (A € C\ R<g), the result is immediate since the
existence of two analytic separatrices implies that there can be no resonance of
Poincaré type. In the Siegel case (A € R<y), it is sufficient to remark that the
condition of no transverse negative resonance is satisfied. Hence, the result is a
consequence of the Main Theorem. O

In dimension three, the following corollary, which will be proved in section
[(.3] is a generalization of this result.

Corollary B. Consider a crossing type foliation (F, H,T') € (C?,0) which has,
in adapted coordinates, an x-normalized local generator with semi-simple part

20y + AyOy + pz0..

Then three cases can appear:

1. The eigenvalues are in the Poincaré domain. Then (F,H,T') is analyti-
cally normalizable and has at most a finite number of resonant monomials.

2. The eigenvalues are in the Siegel domain and at least one of the eigenvalues
A, v is non-real. Then (F, H,T) is analytically classified by its linear part
and its I'-holonomy.

3. The eigenvalues are in the Siegel domain and all real. Then either (F, H,T')
s analytically classified by its linear part and its holonomy or one of the
following conditions holds up to a permutation of the y and z coordinates:

(a) Either p < A <0 and
PA=p+q, (2)
for some p,q € Z>1.

(b) Or, u <0< A\, and either holds or A € Qs — uQxo (notice that
these conditions are not mutually exclusive).



In higher dimensions, a similar list of possible cases is considerably more
complicated. In the last section, we are going to prove a similar result in dimen-
sion 4, with the additional assumption that the linear part of the local generator
is a real matrix. The statement is quite technical and we refer to Section [5.6]
for the details.

The necessity of the no transverse negative resonance condition in the Main
Theorem is a natural question. In this direction, Proposition [C] below gives a
recipe to construct examples where this condition is violated, and we obtain
non-equivalent crossing type foliations with conjugated holonomies.

Consider a diagonal vector field S = x dx +L (), where L(p) = Y1 | piz; Oy,
= (g1,...,pn) € C". The negative and positive resonant sets of S are given
by

NR(S) = {T € Ly; (,u,T> S Zzl}’

PR(S) := {K € L, \{0}; (4, K) € Z<o},
where (-,-) is the usual inner product in C", and we denote by L,, the set of
n-uples K € {(N" —e1)U--- U (N" —¢,)}, such that |[K| > 0. In other words,
we consider the set of n-uples K = (ki,...,k,) of integer numbers such that
at most one entry is negative (and equal to —1) and the sum k; + --- + k,, is

greater equal zero.
The following result will be proved in Section [5.5

Proposition C. Let = (u1,...,ps) be a n-uple in C" such that p; # 1 and
i # . Suppose that there exist a pair (T, K) € NR(S) x PR(S) and a nonzero
vector X\ € C" such that

1, T) + (u, K) <0,
2. the vector field z' L()\) is analytic, and
3. (\K) =0.

Then there exist two x-normalized analytic vector fields X,Y with semi-simple
part S that generate analytic foliations which have conjugated holonomies along
the x-axis but are not orbitally analytically equivalent.

As an application, we obtain the following explicit example in dimension 3.
Exemple 1. The vector fields
X =20, +2(1 + 2%2)(y 0y —20,) and
Y =20 +2(1 + 2%2)(y 0y —20,) — 2y*2 0

generate foliations with conjugated holonomies along the x-axis but are not or-
bitally analytically equivalent.

Notice that the above example belongs precisely to the special case (3.b]) of
Corollary B] with g = —2 and A = 2.
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In the light of the above example, we recall the well-known fact that the
holonomy computed along a weak separatriz does not always classify a germ of a
singular foliation. The saddle-node foliation in (C?,0) is probably the simplest
example (see, e.g. [CCD13|, Section 6.6.3). However, to our knowledge, the
Example [1] is the first one illustrating that this phenomenon can also occur for
the holonomy computed along a strong separatrix.
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Overview of the work

In Chapter |I} we make a brief introduction to the theory of vector fields
and foliations. In particular, we formalize many notations that are going to be
used later. In the next chapter, the basic tool used in this work is presented in
Section the concept of D,. r-transversely formal series. A D, r-transversely
formal series is a formal series of the form

> felwa, 3)
kieN
where z% = 2% . zF» and each coefficient fx(z) is convergent in the annulus
D, r:={x € C;r < ||z| < R}, where r, R > 0.

In Section [2.3] we develop the theory of endomorphisms in the ring of
D, g-transversely formal series. In particular, the objective is to treat D, g-
transversely formal derivations (derivations over the ring of the D, p-transversely
formal series) as vector fields with coefficients being D, r-transversely formal
series.

In Section we construct the holonomy for a given separatrix as an ap-
plication of the technique of path lifting. A brief review of previous results on
analytic and formal classification of germs of singular vector fields is made in
Section[3.2] In the last section of Chapter [3] we expose the work of Elizarov and
II’yvashenko, Helena Reis, and Mattei and Moussu about the relations between
the conjugation of holonomies and the analytic classification of foliations.

In chapter EL we extend to D, r-transversely formal derivations the notions
of exponential map, normal form, and symmetries. After this general study, we
focus on the class of Dp-transversely formal derivations (derivations with form
(3), where each coefficient fx (x) is convergent in the disk Dg) in Section

Finally, in Chapter [5| we prove the Main Theorem and its corollaries in
dimensions three and four. In Section [5.5] we study the necessity of the no
transverse negative resonance property in the Main Theorem.
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Index of notations

General notations

Small bold letters and numbers represent multidimensional objects
Capital letter such as X, Y, W, and Z denote vector fields

A point p € C**! is denoted by p = (z,2) = (7, 21,...,2n)

N || the set of natural numbers with zero
A* || the set A\ {0}, where A is a set in C"
(C™,0) | a neighborhood of 0 € C"
€; || the vector (0,...,1,...,0) where the unique entry 1 is in the i*h position

|| || the absolute value in R
|| | the norm in Z"™ given by the sum of the entries

II]l | the module in C

Ly, || the set of n-uples K € {(N" —e;)U---U(N™ —e,)}, such that |K| >0
Lonm || the set of n-uples K € L,,, such that |[K| =k +---+k, >m
Chapter [II
M,N || complex manifolds
Tp M || the tangent space of a complex manifold M at a point p

XV



TM || the tangent bundle of a complex manifold M

z' = X(z) || the ordinary differential equation associated to the vector field X
Fx(t,p) | an integral curve of vector field X with initial
xihp || condition Fx(0,p) = p
F.G || foliations of complex manifolds
P | a plaque of a foliation
L || a leaf of a foliation
T || a transverse section of a plaque
|| the correspondence map between transverse
A71,7'2 :
|| sections 7 and 7
A, || the holonomy map associated to a curve =y
St || the set {z € C;||z|| =1}
|| the homotopy group at a point p in a
m(M,p) || complex manifold M
g | a generic group
gopP || the opposite group to a group g
Hol(Z, p) || the holonomy group of a leaf £ at a point p
Hol(£) || the holonomy group of a leaf £
Chapter
R | & commutative ring
Rlz] || the ring of polynomials in the variables z1, ..., z,
|| with coefficients in R
m || the maximal ideal defined by (z1,...,z2,) in Rz

Xvi



J*) | the k-jet space defined by R[z]/ m(*+1)
Tji || is a bounding map
(J®, (7ji)) j<iezso | an inverse system indexed by Zx( ou J@ is the i-jet space

the ring of formal power series with coefficients
Rl |

| in a ring R
T | the k"-truncation map
Dg || the disk {z € C; ||z|| < R}, where R > 0
D, r || the annulus {z € C ; r < ||z|| < R}, where r,R >0
o || the ring of germs of analytic functions defined
R | in the disk Dg
o || the ring of germs of analytic functions defined
R || in the annulus D, g
C[[z]] || the ring of formal power series
Ogl[z]] || the ring of Dg-transversely formal series
O, r[[2]] || the ring of D, g-transversely formal series
Ogr{z} || the ring of Dp-transversely convergent series
O, r{z} || the ring of D, gr-transversely convergent series
supy || I || the supremum of the function f in the set V'
A(C[[z]]) || the group of automorphisms of C|[z]]
Endc¢(R][z]]) || the set of C-linear endomorphisms of R[[z]],
| where R is a commutative ring
A(O, rl[z]]) || the group of automorphisms of O, g[[z]]
A(Og[[z]]) || the group of automorphisms of Or|[z]]
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[X,Y] || the Lie bracket defined by X oY —Y o X
D(C[[z]]) || the C[[z]]-module of derivations of C[[z]]
D(Or|[z]]) | the Ogl[z]]-module of derivations of Og[[z]]
D(O, rl[z]]) || the O, gr[[z]]-module of derivations of O, g|[z]]
D(Ogr{z}) || the Or{z}-module of derivations of Or{z}
D(Or.r{z}) | the O, r{z}-module of derivations of O, r{z}
Chapter
K(N) || the convex hull of the set {A1,..., A}
Om,p || the ring of germs of analytic function defined
| in a neighborhood of p € M.
z || the singular set of a singular foliation
(k) || the derivation induce in the k-jet space of C[[z]]
| by a derivation X € D(C[[z,z]])
s || the semisimple part of a derivation X
n || a nilpotent part of a derivation X
L(\) || the derivation Y., A;z; 8,,, where \; € C
adx || the brackets operator given by Y +— [X,Y].
S || a separatrix of a germ of a foliation
|| the space of germs analytic vector fields at 0 € C"
Vi || which are singular at the origin and whose linear parts are
|| non-degenerate with simple eigenvalues
L% | a lift of a curve « through the leaves of a foliation F
Chapter
m? | a ring R where m is the maximal ideal
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N(O, rll=]]) || the set of D, g-transversely formal nilpotent derivations

|| the set of D, g-transversely formal automorphisms

A (Orrl[2]]) || tangent to the identity to order k
N (O, r[[2]]) || the set of k-flat D, p-transversely formal derivations
Adx || the map ¥ — exp X oY o (exp X) 71, where
|| X and Y are derivations such that X is nilpotent
Anorm(Or r[[2]]) || the set of x-normalised automorphisms of O, g[[z]]
Aporm(Or|[2]]) || the set of x-normalised automorphisms of Og|[[z]]
Aporm (Cl[z, 2]]) || the set of x-normalised formal automorphisms
Drorm(ORrl[Z]]) || the set of x-normalised derivations of Og[[z]]
>grlex || the graded lexicographic order
NR(S) I the set {T € Ly; <,u,7j>.€ Z>1}, \.zvhe.re w=(p1,.-., 1), and p; is
|| eigenvalue of the semisimple derivation S
PR(S) I the. set. {K € £, \{0};{p, T> € Z§0}7.wh.ezre = ({1, pn), and
| i is eigenvalue of the semisimple derivation S
Xiin || the linear part of a derivation X
Chapter
RS || a Riemann surface
D | a poli-disk around the origin in C"
arg z || the argument of a complex number z
Im(z) || the imaginary part of a complex number z
Re(z) || the real part of a complex number z
R || the region {z € C;m < argz <7+ arg A}
c || the discrete positive cone {p1 A + pap; p1,p2 € Z>_1,p1 + p2 > 0},

| where A\, u € C
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Chapter 1

Regular analytic foliations
and their holonomies

In this chapter, we make a quick presentation of the regular foliation theory
which will work as north to our present study. In the first section, we formalize
some notations about vector fields. The second section exposes some basic facts
about regular foliations and their holonomies. A detailed exposition of these
topics can be found in [CN77], [Sotll], and [IY0§].

A regular foliation is an equivalence relation on a manifold where the equiv-
alence classes are connected, injectively immersed submanifolds of the same
dimension. A famous example of regular foliation is the foliation of the torus
developed by Reeb, see Figure

Figure 1.1: Reeb foliation of the torus

As discussed in the introduction, we study analytic foliations that are locally
generated by vector fields. The leaves of such foliations correspond locally to
the integral curves of such vector fields.

The holonomy group of a leaf describes the transverse behaviour of a foliation
in the vicinity of such a leaf, and it is an object of primary importance to the
present work. We give a detailed definition and show its relation to the analytic
equivalence of foliations (Proposition . One of the main motivations of
this work was to try to generalize this last proposition to the case of singular
foliations.



1.1 Vector fields

Let M be a complex manifold. The tangent bundle of M is a manifold 7 M
which assembles all the tangent vectors of M. As a set, it is given by the disjoint
union of the tangent spaces of M. That is,

TM= || T, M

peEM

where T, M denotes the tangent space to M at a point p. An element of T M
can be thought of as a pair (p,v), where p is a point in M and v is a tangent
vector to M at p. Moreover, there is a natural projection 7 : T M — M defined
by 7(p,v) = p. This projection maps each element of the tangent space 7, M
to the single point p.

Given a chart ¢ : U — C" of M, we can define a chart ¢ : 7= 2(U) — U x C"
of TM by ¢(p,v) = (¢(p),d(é(p))v). With this manifold structure in 7M,
we can define the vector fields 9,,,...,0,, : U — TM by 0, (2z) = ¢*(e;) =

—1

¢ (¢(z),e;). In particular, these vector fields form a basis of 7, M at any
p € M. Consequently, we can write any analytic vector field X : U — T M in
terms of 0,,,...0,,, ie.,

X(2) =Y fil)0,

where f; : U — C is an analytic function for i =1,...,n.

In the literature, vector fields have many different interpretations. In partic-
ular, we explore the meaning of derivations and ordinary differential equations.
In this section, we introduce the connection with ordinary differential equations.
The study of derivations will be done in Section [3.2]

Let U be an open of M, and X : U — T M be an analytic vector field of
the form X = Y"1, fi(2z) 9,,. The ordinary differential equation associated with
X, which is denoted by z’' = X (z), is

821
ot fi(z1(t), -, 2a(t)),
0zp,
o far0), (0],

Given a point p € U, a solution for an equation z' = X (z) is an analytic map
Fx(-,p) : V — U, where V C C is a simply connected open neighborhood of
0 € C, such that, for all t € V,

OXLD) _ X (1., (1)

Fx(0,p) = p.

We call such solutions of integral curves of X with initial value z(0) = p, or
simply integral curves of X when the initial value p can be omitted.



Proposition 1.1.1 ([IY0S8], Theorem 1.1). Let U C C x C™ be an open domain,
and X : U — C" be an analytic vector field. Let us consider the equation

Z=X(t,z2),

and a given point p = (to,p1,...,pn) € U. Then there exists a sufficiently small
polydisk DI = {[[t—to||< €, |z; —pjl|< €,j=1,...,n} CU, such that a solution
with initial value z(ty) = p exists and is unique in this polydisk.

This solution depends holomorphically on the initial value p € C" and on
any additional parameters, provided that X depends holomorphically on these
parameters.

Definition 1.1.2 (Vector fields’ local conjugation). Let M, N be analytic man-
ifolds, and X1 : M — TM and Xo : N — TN be analytic vector fields. We say
that X1 is locally analytically conjugated to Xo at p € M if there exist V1,V
opens of M, N, respectively, and a bianalytic map v : V1 — Vo such that p € V1,
Y(p) € Vi, and

Av].X1(2) = X ((2) (1:2)

for all z€ V.

Keeping the notation of the definition above, let Fx, (¢, p) be a solution of
the ODE associated with X; with the initial value problem z(0) = p. Taking
the derivative with respect to ¢ of ¥(Fx,(t,p)), we have

0

('(/J(FXl (tap)))/ = dw‘Fxl (t,p)gtFX1 (t7p) = dw‘F)q (t,p)Xl(FX1 <t7p)>

= Xo(¢(Fx, (t,p)))-

Then ¢ (Fx, (t,p)) is a solution for the problem z’ = Xo(z), with z(0) = ¥(p).
Consequently, by Proposition we have that

in the intersection of the domains. Therefore, conjugated vector fields have
correlated integral curves as shown in (1.3)).

1.2 Holonomy of a regular foliation

In this section, we define the concepts of regular foliation and holonomy
group of a leaf. We show that, under appropriate hypothesis, the holonomy
classifies the foliation up to equivalence.

Definition 1.2.1 (Regular analytic foliation). Let M be a complex manifold of
dimension n. A regular analytic foliation F of M of complex dimension s is a
mazimal holomorphic atlas

{(Uj,05)|¢5 : Uj — ¢;(U;) C C* x C"™ 7},



such that the transition maps
¢jo ;' 6i(U;NU:) — ¢;(U; N )
have the form
(@,9) = (95 (2, ), hij(y)), =eUCC’, yeVcC
where g;;, hi; are holomorphic maps.

We call a plaque a set of the form ¢=1(V x {c}), where V C C® is an open
set and ¢ € C"™* and a leaf the maximal connected component of a plaque.

Definition 1.2.2 (Transverse section). Let M be a complex manifold of di-
mension n, F an analytic foliation of dimension s on an open set U C M, P a
plaque of F, and p € P a point. A parametrized transverse section of P at p is
an analytic map 7 : (C"° 0) — (U, p) transverse to L, i.e.,

T,U =d7(0)(ToC" %)@ T, P.
The image of T is called a transverse section of P at p.

Consider a chart (U, ¢) of a foliation F and a transverse section 7 at a point
p; = ¢ *(wo,c). Then, we can write

¢ S (U)) = (gpz (’UJ), hpl (w))a

with hj, (0) # 0, consequently, the map h,,, is invertible in a neighborhood of
hp, (0) =c.

Let po = ¢ '(wi,c) be a point in the same plaque P of p;, and 7, =
¢~ 1o(gp,, hp,) be a transverse sections at pg. Since h,,, and h,, are invertible at
hy, (0) = hy,(0) = ¢, we can define an analytic map A, ., : (71,p1) — (72, p2)
given by

Ar (W) =7 Oh;; 0 hy, 0 Tlfl(w). (1.4)

T2

Agy (W)
D2 71

P p1

Figure 1.2: The correspondence map A, ,,.

For the sake of completeness, we are going to enunciate a sequence of results
that are well-known. For the proofs of Claims to[1.2.12] we refer to [Aba09]
pages 21-26 or [CN77] page 62-66.



Claim 1.2.3. The germ of the map A, ., defined in 1s independent, up
to an analytic change of coordinates, on the parametrized transverse section and
the charts of the foliation.

Definition 1.2.4 (Correspondence map). Let P be a plaque of an analytic
foliation of a complex manifold. Given two points p;,pe € P, and two transverse
sections T1, T2 at p; and pg respectively, the map Ar r, @ (T1,p1) — (T2, p2)
defined in 18 called the correspondence map between 11 and To.

Consider a leaf £ of a foliation F, two points p;,pe € L, and a path ~ :
[0,1] — £ with v(0) = p; and (1) = pg. Since the image of v is compact,
we can find a finite cover {Uy}x=1,...n of ¥([0,1]) by charts of F. Consider a
partition 0 = tp < t; < --- < tp,_1 < t, = 1 such that ’Y([tj,tj_;,_l]) C Uj+1. In
addition, at each v(¢;), let 7; be a transverse section. Hence we can define the
following map

A’y = A‘rn,l,‘rn ©--+0 A’T[},Tl . (15)

Claim 1.2.5. The map A, does not depend on the charts Uy’s neither the
intermediate points v(ty)

Definition 1.2.6 (Holonomy map associated with a curve). Let L be a leaf of
an analytic foliation of a complex manifold, and v : [0,1] — L be a path in
L. Consider two transverse sections 71 and T2 at p; = v(0) and pz = (1),
respectively. The map A, defined in computed with respect to 7, and Ty is
called the holonomy map associated with ~.

Definition 1.2.7 (The first homotopy group). The first homotopy group with
base at a point p € M is the set of homotopy classes of continuous maps

f:St =M,

where S' := {z € C;||z||= 1} and f(1) = p. We denote by w1(L, p) the homotopy
group at a point p € M.

Claim 1.2.8. Let L be a leaf of an analytic foliation of a compler manifold,
1,72 : [0,1] = L be paths in L, where v1(0) = 712(0) = p; and v1(1) = v2(1) =
p2, and T and To be two transverse sections at p; and pg, respectively. If v1
and 2 are homotopic equivalent, then A, = A, as elements of (L, p).

An antihomomorphism between two groups g; and go is a homomorphism
¢: g1 — 957, where go¥ is equals g as a set, but has its multiplication reversed
to that defined on go. Denoting the multiplication on g by -, the multiplication
on go¥, denoted by x, is defined by z xy := y - . The group gg’ is called the
opposite group to ga.

Claim 1.2.9 (The map A, is group antihomomorphism). Let L be a leaf of an
analytic foliation of a complex manifold, and p be a point in L. The map which
assoctates to [y] € m (L, p) its holonomy map A, is an antihomomorphism of
groups.



Definition 1.2.10 (Holonomy group at a point). The image Hol(L, p) of the
map defined in the Claim[1.2.9 is the holonomy group of L at p.

Definition 1.2.11 (Conjugated holonomy groups). We say that two holonomy
groups Hol(L1,p;) and Hol(Ly, pe) computed at respective transverse sections
T1,Te at p1,p2 are analytically conjugated if there exists a germ of bianalytic
map ¢ : (11,p1) = (72, p2) such that

woHol(Ly,p;s) o™t = Hol(Ly, ps).

Claim 1.2.12. Let L be a leaf of an analytic foliation of a complex manifold.
Then for any p;,pe € L the holonomy groups Hol(L,p;) and Hol(L, pg) are
analytic conjugated.

In other words, this claim asserts that the holonomy group does not depend
on the base point. Then, we can define the holonomy group for a leaf Hol(L)
as being the holonomy group at any point in the leaf.

The following well-known result (see, for instance [CN85], page 67) estab-
lishes the relation between the conjugation of holonomies and the local equiva-
lence of foliations of class C*® with 1 < s < co.

Proposition 1.2.13 ([CN85], Theorem 2, Chapter IV). Let £y and Lo be com-
pact C?-diffeomorphic leaves of foliations F1 and Fo respectively. The holonomy
of L1 and Lo are C*® conjugated if only there exist neighborhoods Vi O L1 and
Vo D Ly, and a C* diffeomorphism ® : Vi — Va, ®(L1) = Lo, taking leaves of
Filv, to leaves of Falv,. In this case, we say Fi and Fz are locally equivalent
on L1 and Lo and @ is a local equivalence.

Remark 1.2.14. Notice that the proof of Proposition as presented in
[CN8J3|], is not valid for holomorphic foliations. In fact, their proof is strongly
based on the existence of a local transverse fibration to a leaf, which does not
necessarily exists in the complex analytic setting.



Chapter 2

Endomorphisms,
automorphisms, and
derivations

Analytic vector fields can be seen as derivations in the ring of analytic func-
tions. More generally, formal vector fields also have this interpretation, but in
the ring of formal series. In the first section, we define precisely the concept of
formal rings with coefficients in some specific commutative rings. In the second
section, we define automorphisms and derivations in the rings described in the
first section. We will see that a change of coordinates can be seen as the action
of an automorphism on the corresponding ring of functions.

2.1 The formal rings

Given a commutative ring R, our goal is to construct the ring of formal
power series of n indeterminates z1,..., z, with coefficients in R. It will allow
us to treat formal change of coordinates and formal vector fields in the algebraic
sense of endomorphisms in a ring. The construction is based on the notion of
inverse limit.

Let R[z] be the ring of polynomials in the variables z1, ..., z, with coeffi-
cients in R. Consider the maximal ideal m := (z1,...,2,) C R[z]. The k-jet
space is the quotient J*) = R[z]/m**!, where m**+! is the ideal generated by
the monomials of degree k+1.

Consider (J@, (mji))j<iezs, the inverse system indexed by Z>o, where for
each j <1, mj; : J® — JU) is the linear map with kernel m/*! called bonding
map. We define

R[z]] := lim J© = {f e [[79:f; =mjilfi) forall j <i e N} :

JEN €N



An element f € R][z]] is called a formal series with coefficients in R, and we
write f(z) = ZTIO(|:OCKZK7 where K € Z%,, 2K =2 G K| =k o+
-+ + ky, and each coefficient cx € R. We still denote by m the maximal ideal
(21,-- -, 2n) C R[[2]].

We can identify the ring of polynomials of degree less or equal k& with the
k-jet space J*) C R[[z]]. For any k € Z>1, we can define a truncation map
7 R[[z]] = J®) by 7 (f) := f mod mFT!. The image of f € R[[z]] by 7y is
called by the k"-truncation of f.

In this text, we work with some specific commutative rings as coefficients.
More specifically, we are going to consider the following rings.

1. The ring Cl[z]] of formal power series eroq:o axz’, where ax € C.

2. The ring Og[[z]] of Dr-transversely formal series. A Dpg-transversely
formal series is a power series in the variables z1,..., 2, and coefficients
in the ring Op of analytic functions in the disk Dp = {x € C : ||z|| < R},
where R > 0. Explicitly, an element f € Ogl[z]] can be written as

flx,2)= Y frx(x)2", (2.1)

|K|=0
where each coefficient fx(x) is convergent in the disk Dr C C.

3. The ring O, gr[[z]] of D, g-transversely formal series. A D, p-transversely
formal series is a power series in the variables zq,..., 2, and coefficients
in the ring O, g of analytic functions in the annulus D, p = {z € C :
r < ||z|| < R}, where r, R > 0. Explicitly, an element f € O, g[[z]] can
be written as where each coefficient fx (z) is convergent in the disk
Dr,R c C.

For the three cases, we still denote by m the respective maximal ideal (z1, ..., z,).

2.2 The subrings Ogr{z} and O, r{z} of conver-
gent series

We now consider the subring of convergent elements Og{z} and O, r{z} in
the above formal rings.

Definition 2.2.1 (The ring of D g-transversely convergent series). We say that
f € Ogll2]], written as in (2.1), is convergent if for each R’ with 0 < R’ < R,
there exist constants C, M € R such that supp_, || fx || < CMEl. We denote by
Ogr{z} C Ogl[z]] the ring of Dr-transversely convergent series.

Definition 2.2.2 (The ring of D, g-transversely convergent series). We say
that f € Oy gllz]], written as in (2.1), is convergent if for each r', R with
0 <r<r' <R <R, there exist constants C, M € R such that supp, , _ [|fx|l <
CMKl. We denote by O, r{z} C O, gr|[2z]] the ring of D, g-transversely con-
vergent series.



We observe that the diagram of inclusions in Figure follows directly from
the definitions. In particular, the next lemma establishes that the ring in the
last row is the intersection of the two in the middle line.

O, r|[2]]
N
Og|[z]] Oy, riz}
NS
Or{z}

Figure 2.1: Diagram of inclusions

Lemma 2.2.3. O, g{z}NOg|[z]] = Or{z}.
The proof is based on the next claim.

Claim 2.2.4. Let f be an analytic function on Dgr. Then supDr,R||f|| =
supp, |, for any 0 <r < R.

Proof. The Maximum Modulus Principle for analytic functions guarantees that
the sup 4|/ f] is attained on the boundary of A. As 0D, r C Dgr and dDr C
0D, g, it follows that supp || f||= supp,, || f]|- O

proof of Lemma|[2.2.3 By the above claim, as f € O, g{z}, each coefficient fx
satisfies
sup|| fx|l= sup [|fx|< CM",

R’ r' R/

for any 0 < " < R’ < R. Consequently, f € Ogr{z}. The reciprocal is
immediate. O

2.3 Endomorphisms

Let R be one of the rings C, Og or O, g. A C-linear endomorphism of R[[z]]
is defined by a sequence indexed by Z>q of C-linear maps

o) S HomC(RHZ]]a J(i))v

such that, for each j < i, mj; 0 o) = o) where 7;; is a bonding map, and

o(f) =[] ),

i€L>0

We denote by Endc(R][z]]) the set of such endomorphisms, and we say that
&) is the i*"-truncation of ®.

We say that a C-linear endomorphism of R[[z]] is an automorphism if it
satisfies the following additional properties:



1. ®(m) C m,
2. (I)(Oéf) = Oéq)(f)7
3. ®(fg) = (f)®(g),

where f, g € R[[z]], fg denotes the product of f and g. We denote by A(R[[z]])
the group of such automorphisms.

We observe that A(C][z]]) can be interpreted as the group of formal changes
of coordinates. Indeed, any element ® € A(C[[z]]) is defined by its components
D,;(2) := D(z), 1 <i < n, where they satisfy

dd, dd,

dzy dz,

Jac(®) =det | : (0) £ 0.
do, ddy,
dz dz,

By analogy, an element of A(O, g[[z]]) (resp. A(Orl[z]])) will be called a
D, g-transversely formal change of coordinates (resp. a Dg-transversely formal
change of coordinates).

Similarly, a vector field with components in R[[z]] can be seen as a deriva-
tion on this ring. That is, an endomorphism X € End¢(R[[z]]), satisfying the
Leibniz’s rule

X(f9)=X(f).9g+X(9)-f VYf g€R]z]

We denote by D(R][z]]) the R[[z]]-module of such derivations that also satisfy
the condition X (m) C m. Note that D(R[[z]]) has a Lie Algebra structure with
the Lie Bracket given by

[X,)Y]=XoY —-YoX.

In particular, an element of D(O,. g[[z]]) (resp. D(Or|[z]])) will be called D, g-
transversely formal derivation (resp Dg-transversely formal derivation).
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Chapter 3

Singular foliations:
holonomy and normal forms

The classification of singular holomorphic foliations is a classical subject
which dates to the pioneering works of Dulac and Poincaré (see, e.g. [Dul23]).
In this chapter, we recall some basic definitions that are used in the following
sections such as singular foliations, separatrices, holonomy, etc. We will also
review some basic results of normal forms of vector fields and the basic con-
struction of the equivalence of foliations via the path lifting method. We refer
to [RR11] for a detail exposition. From now on, we will use the word singular
foliation as a synonym for singular foliations of dimension one, since this is the
only case that will be considered in the sequel.

3.1 Singular foliations and holonomy

Let M be a complex holomorphic manifold of dimension n > 1.

Definition 3.1.1 (Singular analytic foliation). A (one-dimensional) singular
holomorphic foliation F on M is defined by the following data:

1. An open covering | J;c 4 Us of M,
2. An analytic vector X; on each open set U;,

such that for each intersection UyNU; # @ there exists a non-vanishing analytic
function h;j : U; N U; — C* such that:

Xi = hinj.

The vector fields X; in the definition above are called the local generators of
the foliation. The singular set ¥ of a singular foliation F is locally defined by
the singular set of its local generators, i.e., ¥ = {p € M; X;(p) = 0, where X is
a local generator of F}. The following result shows that we can always assume
that 3 has codimension greater or equal than two.

11



Proposition 3.1.2 (J[Aba09], Theorem 1.2.9). Let Fi be singular foliation with
singular set 1. Then, there exists a singular foliation Fs, with singular set
Yo C X1 of codimension at least 2, whose leaves coincide with those of JFi
outside ¥1.

In this work, we are interested germs of singular foliations.

Definition 3.1.3 (A germ of foliation). A germ of foliation at p € M is a
foliation F defined by the solution curves of germ of analytic vector field X, i.e.
a derivation of the local ring Op,p of germs of holomorphic functions at p.

As above, we will say that X is a local generator of F. Notice that if
u € Opq,p is a unit, then X and uX are both local generators of F.

Definition 3.1.4 (Separatriz). A separatriz of F is a germ of irreducible an-
alytic curve S whose defining ideal I = Is satisfies

X(I)cl,
where X is any local generator of X (acting on each f € I as a derivation).

Let us define the holonomy of F along a separatrix S. To simplify the
exposition, and since this is the only case that will be needed, we will consider
the case where S is a smooth curve and that SNY has an isolated point at p
(where we recall that 3 is the singular set of F). Therefore, we can choose a

local coordinate chart z = (21, ..., 2,) at p, such that S = {z0 = --- = 2, = 0}.
We can further assume that the image of this chart in C" contains the closed
disk {(21,0,...,0) : ||z1]] < R}. Moreover, we can choose a local generator X

of F which has the form
X = Zfl(z) aZiv

where f; restricted to S vanishes only at the origin.

Let p = (p1,0,...,0) € S such that ||p1||< R. Consider the closed curve
v :[0,1] — S given by (t) = pe®™i. The differential equation associated with
X restricted to v has the form

0z it é

E = 2impe fi (7(07227'--7211)3 (31)

0z = 2impe?™ f—n

E fl (V(t)722,--.,zn),

In this setup, the (germ of) holonomy is the map w — A(w) from the
transverse section 7 = {z; = p} into itself obtained by integrating the above
differential equation from ¢ = 0 to ¢t = 1, with initial condition (zs,...,2,) = w.

As in the case of regular foliations, it can be proved that if we choose a
different base point or a different transverse section, then the germ of holonomy
is the same up to a holomorphic conjugation.

12



S v

Figure 3.1: Holonomy of a separatrix

3.2 Normal forms for vector fields

For any integer k > 1, a derivation X € D(C|[z]]) induces a derivation X (¥)
in the algebra of k-jet spaces of C[[z]]. In particular, these derivations X ()
admit Jordan decompositions

X0 = x4 xk)

where [ng),Xflk)] = 0, and ng) and X,gk) are respectively semisimple and
nilpotent parts of X*). Moreover, these decompositions are compatible by
truncation. Therefore, when k — 0o, we obtain the Jordan’s decomposition

X:X5+Xna

where X, X,, € D(C|[z]]) and [X,, X,,] = 0. We say that X is semisimple (resp.
nilpotent) if X = X, (resp. X = X,,).

Now, let ® € A(C[[z]]) and X € D(C[[z]]). The conjugation of X by ® is
defined by

P (X) =0 1o Xod.

In particular, as the Jordan’s decomposition of X is the limit of Jordan’s decom-
positions of X*)| we have that ®*(X,) 4 ®*(X,,) is the Jordan’s decomposition
of &*(X).

Proposition 3.2.1 ([Mar81b], Proposition 1). Any semisimple derivation S €
D(C[[z]]) is conjugated by a formal automorphism to a ’diagonal’ derivation

L) = Xizi Oy, (3.2)
i=1
where the numbers \; € C are the eigenvalues S.
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Definition 3.2.2 (Normal form). We call a normal form any derivation X €
D(C[[z]]) whose semisimple part X is a diagonal derivation.

By Proposition[3.2.1] any derivation is formally conjugated to a normal form.
However, note that normal forms are not uniquely defined. Any automorphism
that takes X, to itself generates a possibly new normal form.

For the next lemma, we recall that £,, is the set of n-uples K € {(N" —e;)U
-+ U(N™ —ep,)}, such that |K| > 0.

Lemma 3.2.3 ([Mar81b], Subsections 1.3-1.4 ). Let S € D(C[[z]]) be a semisim-
ple derivation with A1, ..., A\, as eigenvalues. Then, the eigenvalues of the brack-
ets operator adg := [S,-] on D(C|[z]]) are the complex numbers ag = (X, Q),
where Q = (q1,--.,qn) € Ly and A= (A1,..., An).

Now, let S € D(C[[z]]) be a semisimple derivation. Consider for k > 0

wi = min {[lag; Q< 25!, ag # 0},

where aq is an eigenvalues of the map adg. We say that a derivation X with
semisimple part S satisfies the condition of Brjuno if the series

> log wik
> 5

k=0

converges. This condition means that the eigenvalues of the operator [S, -] do
not decrease too fast when the order increases.

Proposition 3.2.4 ([Mar81b], page 8). Let X € D(C[[z]]) be a germ of an-
alytic derivation which satisfies the condition of Brjuno and has \i,...,\, as
eigenvalues. If X is formally conjugated to a semisimple derivation, then it is
analytically conjugated to L(N) = >0 | Xiz; Oy,.

Definition 3.2.5 (Resonant monomial derivation). Let S =" | X\;jz; 0,, be a
diagonal derivation. We say that a derivation of the form

F =299,

with Q € Ly, is a resonant monomial derivation for S if F lies in the kernel
of the adg operator. In other words, if we note A = (A1,...,A,) € C", then
(A, Q)=0.

It follows from the commuting relation [Xg, X,,] = 0 that if X is a normal
form (i.e. X, is diagonal) then X, is a formal sum of resonant monomial
derivations for X.

Consider a derivation X € D(C[[z]]). We denote by K(A) C C the convex
hull of the set {\1,..., A} of the eigenvalues X. The next theorem is one of
the most important in the normal theory.

Theorem 3.2.6 (Poincare’s normal form theorem, [IY08], Section 5.B Theorem
5). Let X € D(C[[z]]) be an analytic derivation. If the origin 0 € C does not
belong to K(\), then X is analytically conjugated to its normal form.
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The proof is based on the following two facts:
1. The wy are limited by a positive constant.

2. The normal forms of X are necessarily polynomials.

3.3 Path lifting method

In this section, we show how the path lifting technique can be used to con-
struct an automorphism which gives an equivalence between germs of analytic
vector fields.

Definition 3.3.1 ( Orbitally equivalence of vector fields). We say that two germs
of singular analytic vector fields X,Y are orbitally analytically equivalent if there
exists an analytic germ of automorphism ® and a unit w such that

dXP ! =Y.

As an illustration, we are going to give a brief idea of the proof presented in
[MMS80a] for the following result.

Theorem 3.3.2. Let X be a germ of singular analytic vector field in 0 € C?
with eigenvalues 1 and A € C\Rx>q. Then, X is orbitally analytically equivalent
to its linear part if and only if the holonomy of a separatriz of the foliation F
generated by X is linearizable.

The proof is based on the following preliminary result on the existence of
local separatrices.

Lemma 3.3.3 (J[MMS80a], Proposition, Appendix II). Given a vector field X
with eigenvalues A1, Ay where the quotients A1/Aa, Aa/M\1 & Zs1. Then X is
orbitally analytically equivalent to

Z =Mzn1(14 f(2) 0y +A222(1 + 9(2)) Oy, (3.3)

where f(0) = g(0) = 0. In particular, the curves {z1 = 0} and {z2 = 0} are
separatrices of X.

Idea of the proof of Theorem[3.5.9 in [MM80d]. By the hypothesis A ¢ R 0,
using Lemma [3:33] we can assume up to division by a unit, that X is already
in the form

X =2z 8Z1 +)\22(1 + g(z)) 6Z2,

where ¢ € m. We denote by F the foliation generated by X. Let Y =
21 Oy +A22 0,,, and G be the foliation generated by Y. Up to a further an-
alytic change of coordinates, we can suppose that g(z) is divisible by z; and
X is defined in a neighborhood of the disk {||z1]| < 1} x {0}. The idea of
the proof is to define an analytic diffecomorphism G : V. — V', of the form
G(z1,22) = (21,9(21, 22)) that satisfies the following
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1. There exists open neighborhoods U, U’ of 0 € C? such that V = U — {2 =
0} and V! = U’ — {z =0},

2. The function g is bounded in V,

3. The map G sends leaves of F to leaves of G restrict to U and U’, respec-
tively.

The construction of G consists in lifting some specific paths contained in the
separatrix § = {22 = 0} through the leaves of the foliations.
Let K C S be the punctured close disk 0 < |z1] < 1. For each z; € K,

let o, : [0,—logl|lz1]]] = K and S., : [0,t] — K be the curves such that
a, (t) = (Zletvo), B (t) = (Zl/||zl“6727rit70)a and S, (E) = (1,0).

Denote by L} and Lg the respective lifts of v C K to the leaves of F and
G, and by ¢ the map that conjugates the respective holonomies. The map G is
given by

-1 1

G(z1, 22) := ngl o ngl opo L%l o LT (21, 22).

By estimating the growth of solution curves from the expression of X given
above, one can prove that the diffeomorphism G satisfies the properties and
stated above. We refer to [MMS80a] for details. O

We now discuss some results generalizing Theorem to higher dimen-
sions. In the article [EI84], Elizarov and II’yashenko showed two results, one in
dimension 3 and the other in arbitrary dimension with more restricted hypothe-
ses. Later in 2006, Reis simplified the original proof presented in [EI84] for the
result in arbitrary dimensions.

Both proofs use refined versions of the path lifting method. One of the
delicate points is to guarantee that the equivalence map G constructed by path
lifting satisfies the properties (1) and stated in the above proof.

Using the notation of [EI84], let V,, denote the space of germs analytic vector
fields at 0 € C™ which are singular at the origin and whose linear parts are non-
degenerate with simple eigenvalues.

Definition 3.3.4 (Strict Siegel type). We say that a set of complex numbers
A= {A,. ., A} is of strict Siegel type if the convex hull K(X\) contains a
neighborhood of zero.

Theorem 3.3.5 ([EI84], Theorem 2). Two germs in V3 with the same linear
part, and the set of eigenvalues being of strict Siegel type are orbitally analytically
equivalent if and only if one can choose a local separatriz of each germ such
that these separatrices are tangent at the origin and their holonomy maps are
analytically conjugated.

For dimension n > 4, some stronger restrictions are needed. As stated in the
introduction, the authors considered germs of singular analytic vector fields X
in (C™,0), with A1,...,\, as the eigenvalues of the linear part of X, verifying:

1. The origin of C" is an isolated singularity of X.
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2. X is of Siegel type (i.e, the convex hull of the eigenvalues of its linear part
contains the origin in C).

3. There exists a straight line through the origin of C separating A; from the
others eigenvalues in the complex plane.

4. Up to a change of coordinates, X = "' | N\;zi(1 + fi(2))0,,, where z =
(#1,.-+,2n), and f; is a germ of analytic function such that f;(0) = 0 for
all 4.

In [EI84], it is proved the following.

Theorem 3.3.6 ([EI84], Theorem 3). Let X and Y be two germ vector fields,
verifying (1), (2), (3) and (4) above. Denote by Ax and Ay the holonomies of X
andY relatively to the separatrices of X andY tangent to the eigenspace associ-
ated with the first eigenvalue, respectively. Then if Ax and Ay are analytically
conjugated, X and Y are orbitally analytically equivalent.
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Chapter 4

The exponential map and
the Lie bracket

The notion of D, r-transversely formal nilpotent derivations and their expo-
nential are crucial to this work. More precisely, the logarithm, the inverse map
of the exponential map, of a tangent to the identity change of coordinates is a
k-flat nilpotent derivation. With this identification, we can prove the following
useful formula

(exp X)'Y = X +[X, Y]+ (XX Y] + ... (1)

In the first section, the notion of nilpotent derivation in D(O, g[[z]]) is in-
troduced. In the sequel, we explicit the one-to-one correspondence between the
nilpotent derivations and diffeomorphisms that is given by the ezponential map.

In Section the map Ad and the ezponential decomposition of any z-
normalized D, p-transversely formal change of coordinates are defined. In par-
ticular, this last one allows us to extend, in some sense, the Formula .
However, the more important concept introduced in this chapter is of D, g-
transversely formal symmetries. Indeed, the technique developed by Arame
Diaw [Dial9], which is explored here, is based on the symmetries of the local
generators of the foliations.

In Section we explicitly calculate a normal form for D, r-transversely
formal derivations, and we characterize z-normalized D, p-transversely formal
derivations that commute with of an x-normalized D g-transversely formal nilpo-
tent derivation. Additionally, we conclude in Proposition that if two x-
normalized derivations are x-normalized formal conjugated (the formal change
of coordinates is x-normalized), then they are x-normalized D g-transversely
formal conjugated.
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4.1 The exponential map

Definition 4.1.1 (Summable sequence). A sequence {®y}ren of endomorphism
in Oy r|[z]] is called summable if for each j € N there exists a natural number
K = K(j) such that the j'"-truncation of ®;, is zero for all k > K.

Lemma 4.1.2. A summable sequence of endomorphism {®y}ren in O, g[[2z]]
defines an endomorphism U := 37 ®y.

Proof. By the definition of summable sequence, each ¥() = Yoo ®r mod mit!
is a finite sum of terms, and for j <i € N

o0
Fji\I/(i) =T Z &, mod m‘t!
k=0

= Z@k mod m/ Tt = ¢,
k=0

Therefore, ¥ is an endomorphism according to the definition of Section O

We are particular interested in the case where a sequence of endomorphisms
is defined by successive powers X¥ = X o--- 0 X of a given derivation X, where
—_—

k
X*(f) means applying the derivative X k-times on f € O, g[[z]].

Definition 4.1.3. A derivation X € D(O, r|[z]]) is called nilpotent if X pre-
serves the ideal m, i.e. X(m) C m, and for all j € N exists N = N(j) € N such
that

XN (m) € mit,

where m° = O, g[[z]]. We denote by N (O, rlz]]) C D(O, rlz]]) the set of
D, gr-transversely formal nilpotent derivations.

Proposition 4.1.4. Let X € N (O, g[[z]]). For any sequence {ci}ren of com-
plex numbers, the sequence {cx X*}ren is summable.

Proof. By the definition, there exist N(0), N(1),...,N(j) € N, such that
XNOm® cm, XVO@m)cm? .. XV (m)) c mIt

Then,
XNO+-4NG) (10) ¢ mIt!

which implies that the sequence {c, X*}ren is summable. O

Corollary 4.1.5. Let X € N (O, g[[z]]). Then, for all t € C, the sequence
{%X’“}%N defines an endomorphism exp(tX) = > po, tk—k!Xk called the time t

exponential.
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tk
Proof. Taking ¢, = R
o %Xk converges. O

we conclude from Proposition [4.1.4] that the series

A consequence of the proof of Proposition is the following.

Corollary 4.1.6. For alli € N, the i*"-truncation of the automorphism exp(tX)
is polynomial in t € C with coefficients in O, r. In other words, for f €

O, rlz]], exp(tX)(f) = ( o %Xk(f)) mod m**1 belongs to O, g[t][[z]].

To study the invertibility of the exponential map, we consider automor-
phisms and derivations satisfying some flatness conditions. We say that a D, r-
transversely formal automorphism ® € A(O, g[[z]]) is tangent to the identity to
order k if ®(z) = 2 mod m*T! and ®(2;) = 2; mod m**! foralli € {1,...,n}.
We denote by Ay (O, gr[[z]]) the subgroup of such automorphisms.

A derivation X = a(x,2)0; + 37, bj(x,2)0.;, € N(O,g[l2]]) is k-flat if
a(z,z) € m*, bi(x,z) € mF*L for all i € {1,...,n}. We denote by Ny (O, r[[z]])
for the subalgebra of such derivations.

Proposition 4.1.7 ([Ser09], Theorem 7.2). For each integer number k > 1, the
exponential map exp : Ny (O, rl[z]]) = Ax(Or rlz]]); X — exp(X) is one-to-

one with inverse given by, log(®) = >->2 (712Ln+ (® —id)".

n=0

We recall that £, is the set of n-uples K € {(N" —e;)U--- U (N" —e,)},
such that |[K| > 0. We denote by £, ,, the set of n-uples K € L, such that
K=k + - 4+k,>m

Example 4.1.8. Let ® € Ay (O, gr|[z]]) correspond to a change of coordinates
of the form

(1’, 21y ey Zn) = (xv (bl(xa Z)a sy ¢n(x7 Z))7
where ¢;(z) = z; mod m*TL. By the Proposition we have that
° (_1)n+1

log(®) =

n=0

((I) - Zd)n7

Since the automorphism ® maps the variable x to itself, the corresponding
derivation X = log(®) satisfies X (x) = 0. Then, we can write X in the follow-
ing form

X=00+ » br()z"L(\g)
KeLly ki1

= > br(2)z"L(Ak),

KEﬁWl,k+1

where each b € O, rllz]], and we recall that L(\) = Y Nz 0y, with X =
(A1,..., ) €C™.
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4.2 The Lie Bracket

In this section, we list some results related to the exponential of nilpotent
derivations which are going to be used later. After that, we show the connection
between the symmetries of a derivation and its centralizer.

In the sequence of propositions, we consider ® € A(O, r[[z]]), X,Y €
N(Orrl[2]]), and Z,W € D(O;,r|[z]])-

Proposition 4.2.1. The following properties hold
1. ®*[Z, W] = [@*Z, ®*W], where ®*Z = Po Z o ®~ 1.
2. [Z, W] = flZ, W]+ Z(/ )W, for | € Oy rl[z]].
3. If[X,Y]=0, thenexp(X +Y) =expX oexpY.

Proof. The properties (1) and (2) follow directly from the Lie Bracket’s defini-
tion, and (3) follows from the Newton’s Binomial. O

Remark 4.2.2. Since exp0 = id and [X,—X]| = 0, the item (3) implies that
(exp X))~ ! =exp—X and exp(nX) = exp” X, for alln € Z.

The two maps adz, Adx : D(O, r[[z]]) = D(O, r][z]]) defined by
adz(W) = [Z, W],

Adx (W) =exp X oW o (exp X)!,
are connected by the following well-known result.
Proposition 4.2.3. For a fized t € C, exp(ad;x)Z = Adx Z.

Proof. We give a short proof for the sake of completeness. It is enough to show

that
ad’y Z = kz_; (Z) X*oZo(=Xx)" 7k,

We use induction to prove it. The base case n = 1 is clear, let us assume
that it is true for n = m. By hypothesis of induction

adP ™! Z = ady <Z (7:) XFoZo (—X)m‘k>
k=0
S (
0

NE

m
k

k

0

(Z)Xk“ozo(X)m k )Xkozo(X)ka
X)m- X

M-

<7Z>Xk+1oZo(— m—k |

(7:) ko Zo(=X)m—k+l
=0

k=0 k
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By the Pascal’s triangle

i(k)){“loz@ )" k+z< ) FoZo(—X)m Tl =

k=0
m+1
=y (m]j 1)Xk o Zo(-X)" k.
k=0

O

Definition 4.2.4 (D, g-transversely formal symmetry). A D, g-transversely
formal symmetry for Z € D(O, gr[[z]]) is an automorphism ® € A(O, r[z]])
such that

doZod =27

We remark that we can similarly define a formal symmetry for a derivation
in D(C[[z,z]]). In addition, Proposition [4.1.7 has its version for automorphisms
and derivations over Cl[z,z]]. Then, the following results of this section have
their respective statements over the formal objects.

Definition 4.2.5 (z-normalized automorphism). A D, g-transversely formal
automorphism ® is said to be x-normalized if it is O, g-linear and has the form

q)(:l,’ Z < Zallzl + ¢1 xz, Z Zanzzz + an(x Z)) )

=1 1=1

where (aij)nxn 18 an invertible constant matriz and ¢1, ..., ¢, € m* C O, g[[z]].
We denote by Aporm(Or r[[Z]]) the set of such automorphisms.

Supposing that the maps ¢1, ..., ¢, in Definition lie in the respective
rings Og|[[z]] and C[[z, z]], we define similarly A,orm (Or[[2]]) and A, orm (C[[z, 2]]).

In the next result, we use the fact that any xz-normalized automorphism
D € Aporm(Or r[[2]]) can be uniquely decomposed as & = Ao ¥, where A is an
invertible linear change of coordinates in the indeterminates z, 21, .. ., z,, i.e.,

Axr =z,

n
AZZ‘ = E Qij25, Qi5 € C

j=1

and U is a D, p-transversely formal automorphism tangent to the identity to
order 1. Using Proposition we can write

d=AoexpZ,

for a uniquely determined D, g-transversely formal nilpotent derivation Z. We
say that this decomposition is the ezponential decomposition of ®.
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Lemma 4.2.6. Let X € D(C|[[z, z]]) be a linear derivation and ® an z-normalized
D, g-transversely automorphism. If ® is a D, r-transversely formal symmetry
for X, and ® = Aoexp Z is the exponential decomposition of ®, then the auto-
morphisms A and exp Z are D, p-transversely formal symmetries for X.

Proof. Note that the linear part of ®*X is A*X. As X is linear and @ is
a symmetry for X, we have A*X = X. On the other hand, X = ®*X =
exp Z*(A*X) = exp Z* X, then exp Z is also a symmetry for X. O

For the following sequence of results, consider X € N (O, g[[z]]) and Z €
D(Or,r|[2]]).

Lemma 4.2.7. Let exp X be a D, p-transversely formal symmetry for Z. Then,
exptX is a D, r-transversely formal symmetry for Z for all t € C.

Proof. The following argument is based on the proof of Lemma 2.4.9 [Dial9].
By Corollary we know that for all i € N the i*"-truncation of exptX is
polynomial on t, so the map

Py(t,z,2) = (exptX o Zoexp —tX — Z) mod m"*!

is as well.
By the Remark expnX = (expX)"™ for all n € N. All these facts
together imply that
expnX oZoexp—nX =exp" XoZo(expX)™ "
=exp" ' Xo(expXoZo(expX) ) o (expX) "
=exp" 1 X oZo(expX) "t

=27

In other words, for all n,k € N, the polynomial Py(n,z,z) vanishes. As
consequence, P(t,z,z) = 0, therefore, exptX o Z oexp —tX = Z for all t € C.
The reciprocal is obvious. O

Lemma 4.2.8. Forallt € C, the exponential map exptX is a D, p-transversely
formal symmetry for Z if only if [X, Z] = 0.

Proof. Assume that the exptX is a D, p-transversely formal symmetry. The
Proposition implies

t2
Z = Adix Z = expladix)Z = (Z 41X, 2] + S[X,[X, 2] +..).

Taking the derivative on ¢ and evaluating on zero, we find [X,Z] = 0. The
reciprocal is obvious. O

Proposition 4.2.9. The map exp X is a D, r-transversely formal symmetry
for Z if only if X commutes with Z, i.e. [X,Z] =0.
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Proof. By Lemma m exp X is a D, g-transversely formal symmetry for Z if
only if for all ¢ € C, exptX is also a D, r-transversely formal symmetry for Z.
By Lemma @, the exptX is a D, r-transversely formal symmetry for Z for
all t € C if only if [X, Z] = 0. O

4.3 Normal form of x-normalized Dr-transversely
Formal Vector Fields

In this section, we adapt the Normal Formal Theory of Poincaré described
in Section to our present setting of Dg-transversely formal derivations.

Definition 4.3.1 (2-normalized derivation in D(O[[Z]])). An element X €
D(ORgl[z]]) is called z-normalized in D(O[[2]]) if it has the following form

10, +ZZal]zJ82l+Zb x,2)0,,, (4.2)

=1 j5=1

where a;; € C and b;(z,z) € m* C Og|[[z]]. We denote by Dyorm(Or|[2]]) the
set of x-normalized derivations in D(Og|[z]]).

In the next proof, we use the graded lexicographic order >4y jce o1 Z™ defined
as follows. Let K = (k1,...,kyn) and L = (I1,...,l,) be two n-uples in Z". We
write K >gpjeq L if either ky + - + ky, = |K| > |L| := L1 + -+ 1, or
|K| = |L| and (k1,...,kn) >1ex (l1,...,0n). We say that K is greater than L
when K > g e L.

We recall that that associated with the diagonal derivation S = x 05 +L(p),
where = (u1, ..., un) € C", the respective negative and positive resonant sets
are given by

NR(S) = {T - £n7 (,u,T) S ZZI}’
PR(S) i= {K € £, \{0}: (1, K} € Z<o}.

Proposition 4.3.2. For any derivation X € Dyorm (Or[[2]]) with 1, p1, ..., tn
as eigenvalues there exists an x-normalized D g-transversely formal change of
coordinates which conjugates X to a derivation of the form

20y + L(p) + Z €2, 21 L(e;) + ZJL‘_(“’IQZKL(/\K), (4.3)
i=2 K

where p = (p1,-..,1n), € € {0,1} is nonzero only if p; = wpi—1, and the
last sum on the right-hand side is taken over all indices |K| > 1 such that
K € PR(x0; + L(p)).

Proof. Applying the usual Jordan Normal Theory, we can assume that the linear
part of X has the form

Xiin =20, + L(p —1—262 Lo 1L(e;),
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where g = (u1,...,n), € € {0,1} is nonzero only if p; = p;—1.
We can write the series expansion of X as

Xiin + Y9x5 (2)2" L(e;), (4.4)
K,j
where the last sum on the right-hand side is taken over all indices j € {1,...,n}

and K € L, 1, and gk ; € Or. We say that a nonzero term gx ;(z)z" L(e;)
in is resonant if (u, K) lies in Z<o and g j(x) = Az~ K where
/\K,j e C.

We eliminate the nonresonant terms by successive applications of automor-
phisms of the form

® = exp(f(x)z" L(e;)), (4.5)

where f € Or, K € L,,1, and j € {1,...,n} are conveniently chosen.

Indeed, we consider the smallest nonresonant term g, j, (¥)z%°L(e;,) in
with respect to the pair (K, j) and to the gr.lex order. The action of
® = exp (f(x)z"°L(e;,)) by conjugation on X gives the expression

X =Xiin + Y. Axgr 2K L(e;)+
(K,5)<(Ko,jo)
+ (gKo,jo(aj) - (xa’v - </’L7 K0>)f(x))ZKOL(ej0) +R,
where the rest term R is a sum of derivations gr ;2% L(e;) with (K, j) >griex
(K07j0)' )
Writing the series expansion g, ;,(z) = Zi#(p,%) a;xt + a(u,Ko)fE<”’K0>»

with the convention that a, x,y = 0 if (4, Ko) € Z<o, we can define f(z) =
> £(u.Ko) mxl As a result, we obtain a new derivation whose smallest

nonresonant term is of order strictly greater than (Ko, jo). O

Notice that the Expression (4.3)) is a normal form for X according to Defi-
nition 3.2.2)

Proposition 4.3.3. Let X, Y € Dyorm(Or[[2]]) and ¥ € Ay orm(Cllx,2]]). If
U conjugates X to'Y, then ¥ € Anorm(Orl[z]])-

Proof. By Proposition there exist @1, Po € Aporm(Or[[2]]) which diago-
nalize the respective semisimple parts of X and Y, in other words, we have the
respective Jordan decompositions

OIX =X+ X,, =20, + L(p) + X,

LY =Y, + Y, =20, + L(\) + Yy
By hypothesis, there exists ¥ € Ay orm(C|[z,2]]) such that

T*X =,
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which implies 4 = A. By the uniqueness of the Jordan decomposition, the
automorphism ¥y = &3 0 ¥ o & € A, (C[[x, 2]]) is such that

\116(3381 + L(N)) =20, + L(M)-

It means that ¥y is an z-normalized formal symmetry for zd, + L(u).

Consider the exponential decomposition A o exp Z of Wj. Since ¥y is z-
normalized, by Example Z has the form ZKELM br (2)zX L(\k), where
each bg € Cl[z]]. By Lemma [4.2.6] we know that exp Z is a symmetry for
205 + L(i). And by Proposition we have that

[Z, 20, + L(u)] = 0.
Using the above expansion of Z, this equality is equivalent to state that
(20x + (p, K))bk (x) = 0

for all K € L, 1. Writing b (z) = Y o, c;z’, with ¢; € C, we obtain for each
1eN
(i + (u, K))e; = 0.

This implies that either (u, K) ¢ Z.o and bgx = 0 or else by (x) = cx~ )
for some constant ¢ € C. In other words, Z is a Dg-transversely formal vector
field, and consequently, exp Z is a D g-transversely formal change of coordinates.
In conclusion, ® = & LoWyo®, isa D r-transversely formal automorphism. [

The property of no transverse negative resonance stated in the introduction
can be reformulated as follows.

Definition 4.3.4. We say that a z-normalized derivation X € Dyporm(Or|[2]])
has no transverse negative resonance if

<Na ‘Cn> N Zzl = 07
where 1, py, ...,y are the eigenvalues of X and p = (1, ..., tn).

The definition of an x-normalized derivation can be extended to derivations
X € D(O,r][z]]). Indeed, an x-normalized D, r-transversely formal deriva-
tion is a derivation which has the form , where each b;(z,z) € m? C
O, rl[z]]. We denote by Dyorm (Or rl[2]]) the set of z-normalized derivations in
D(On|]).

The next result is a central step in the proof of the Main Theorem. More
specifically, it characterizes x-normalized D, g-transversely formal derivations
that commute with an z-normalized D pg-transversely formal derivation with no
transverse negative resonance.

Theorem 4.3.5. Let X be an z-normalized D g-transversely formal deriva-
tion that has no transverse negative resonance and Y be an x-normalized D, r-
transversely formal derivation. If [X,Y] =0, then' Y is an xz-normalized Dg-
transversely formal derivation.
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Proof. By Proposition we can assume that X has the form

n

X =xz0, + L(p) + Z eizi_lziHL(el-) + Z bK:E*W’K)zKL()\K).
i=2 K

Since Y is z-normalized, it can be expanded as
Y =20, + Z Z Ciijazi + Z dlKJJlZKL()\K),
i=1j=1 LK

wherel € Z, K € L, 1.
As Y commutes with X, it has to commute with its semisimple part 0, +
L(y). This implies that for each | € Z, K € L,, 1, we must have

(14 (p, K))digx'2® L(\g) = [20, + L(p), digx'2z® L(\g)] = 0.

Since X has no transverse negative resonance, both expressions can vanish
only if [ > 0. This means all monomials in the expansion of Y have positive
exponents on z. Consequently Y € Dy,orm (Or|[[2]]). O
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Chapter 5

Characterization of singular
foliations by the holonomy

As showed in Section if the holonomies of two regular foliations are
analytically conjugated, then it is possible to construct a change of coordinates
which sends the leaves of a foliation into the leaves of another using the path
lifting method. As a consequence of this result, we will show in Section [5.2) that
it is always possible to construct an x-normalized automorphism that conjugates
local generators of crossing type foliations on a neighborhood of D, g x {0} if
the conditions |(a) and |(c] (see Section Introduction) are satisfied.

At the end of Section we show a less restrictive hypothesis over the
eigenvalues of the local generators than condition The decision to make
as main hypothesis was not just to keep the simplicity of the statement of
the Main Theorem, but also since this condition does not represent any new
restriction to equivalent foliations. Section [5.3| contains the proof of the Main
Theorem and its application in dimension 3.

In Section we study the necessity of conditions and [} In par-
ticular, we show that condition is almost optimal. More precisely, if an
x-normalized local generator with semisimple part S = xdx +L(u), has non
empty set NR(S), then, under some other hypothesis, there are two vector
fields satisfying [(a] and |(c| having S as semisimple part, but which do not gener-
ate analytically equivalent foliations. Moreover, as a consequence of this result,
we proved that the conjugation of the holonomies does not imply the analytic
equivalence of the foliations as in the regular case.

5.1 Fuchsian singularity and the preparation of
the linear part

In this subsection, we consider Dpg-transversely convergent derivations X
which are linear in the z-variables, i.e.,
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Xlin = 936£ + i i aiijaz% + i zn: bij (I)Ziazj,

i=1 j=1 i=1 j=1

where a;; € C, and b;; € Of vanishes at 0 € C. The goal is to present some
conditions under which we can eliminate all b;;(z) coefficients by a change of
coordinates.

As we will show, this is a classical problem in the theory of linear differential
systems of Fuchsian type and the hypothesis that X;;, has no transverse negative
resonance is precisely the necessary condition. For a detailed discussion on this
topic, we refer to [IY0S].

Definition 5.1.1 (Fuchsian singularity). A Fuchsian singularity is a system of
differential equations of the form

Z=Apz+xA12+ ..., (5.1)
ox
oy
ot ’
where Ag, A1, ... are constant matrices. The matrix Ag is called the residue of

the Fuchsian singularity.

Consider two cylinders RS; x C" and RS; x C" over two Riemann sur-
faces RS; and RSs. FEach cylinder is naturally equipped with the projec-
tion m; : RSy xC" — RSy (resp., m : RS2 x C" — RSy) into the base.
A gauge transform between these two cylinders is a holomorphic map H :
RS; x C" — RSe x C" which respects these projections, and it is linear on
each fiber ;' (a) = {a} x C", for any a € T. This means that there exists a
holomorphic map h : RS; — RS> such that

Moo H =hom, H|ﬂ;1(a): 7 Ha) — 75 ' (h(a))

Definition 5.1.2 (Gauge equivalence). Two Fuchsian singularities are said to
be gauge equivalent if they can be transformed into each other by an invertible
gauge transform.

Definition 5.1.3 (Resonant Fuchsian singularity). A Fuchsian singularity with
residue matriz Ag is resonant, if there are two eigenvalues of Ao that differ by
a positive integer number. Otherwise, the Fuchsian singularity is nonresonant.

Theorem 5.1.4. A Fuchsian system with a nonresonant residue matrix Ag is
formally equivalent to the system tZ = Agz by a formal gauge transformation.

Proof. Tt is a direct consequence of the Poincaré-Dulac Theorem. O
Remark 5.1.5. All resonant monomials that are linear in z1, ..., z, have the
form x%2;0,,. Thus, the only resonances between the eigenvalues 1,1, ..., i,

that can prevent these monomials to be eliminated from should have the
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form p; = p; + k with k € Z~o; all other eventual resonances correspond to
monomials that do not appear in from the outset.

In particular, the formal change of coordinates that linearizes the Fuch-
sian singularity in theorem above is given by successive applications of auto-
morphisms of the form . In other words, the change of coordinates is
z-normalized.

Theorem 5.1.6 ([IY0S], Theorem 16.16). Any formal gauge transformation
conjugating two Fuchsian singularities, always converges.

Now, let X € D(Ogr{z}) be a derivation having the form
X =20, + Z Z aiijazi + Z Z bij (x)zﬁzw
i=1j=1 i=1j=1

where a;; € C, and b;; € Op vanishes at 0 € C. Note that the derivation X is
associated with the following Fuchsian system

9z _ .
br  _ (. (5.2)
ot :(Ao—i-l‘Al—i-...)Z,

where Ag = (@j)nxn, and A; is a n-dimensional square complex matrix for all

i € Z~go. Then, from the Fuchsian theory above, we can enunciate the following.

Lemma 5.1.7. Let X € D(Ogr{z}) be a derivation having the associated dif-
ferential equation of the form . If X has no transverse negative resonance,
then, possibly reducing the radius R, there exists an x-normalized change of
coordinates which conjugates X to a derivation with the form

:L'az + i i aiijazi.

i=1 j=1

Proof. Let 1, uq, ..., puy, be the eigenvalues of X. The hypothesis of no transverse
negative resonance implies that p; — p; ¢ Zs>1, for any ¢ # j. Hence, the
expansion has nonresonant residue matrix Ag. Then, by Theorems
and there exists an x-normalized change of coordinates which conjugates
X to a derivation with the same form, but with all coefficients b;;(z) equal to
Z€ro. O

5.2 Holonomy and equivalence of x-normalized
foliations in a neighborhood of S!

Lemma 5.2.1. Let (F,H,T') be a crossing type foliation (see Introduction),
whose local generators have no transverse negative resonance. Then there exist
local coordinates

(x,2) = (2,21, ., 2n)
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such that T' = {z = 0}, H := {& = 0}. Moreover, once these coordinates are
fized, there exists a unique local generator X for F that is an z-normalized
Dg-transversely convergent derivation.

Proof. We can choose coordinates (x,z) such that H := {x =0}, T’ = {z = 0}.
The condition (fii.b)) in the definition of crossing type foliation (see Section Intro-
duction) implies that a local generator for F can be written in these coordinates
as

Xo = g(x,z)xd, + Z hi(z,2)0.,,

i=1

where g, hq,..., and h, do not have common factors and hy,...,h, lie in the
ideal m. By Condition , we have that g(0) # 0. Therefore, X; = g~ X is
a local generator of F.

By hypothesis, X; has no transverse negative resonance, then, by Lemma
there exists an x-normalized D g-transversely convergent change of coor-
dinates that conjugates X; to

X =20, +ZZaz]z]321+Zb l‘Z z,v

1=1 j=1

where (aij)nxn is a constant matrix, and b; € m*> C Op{z} for 1 <i<n. O

We say that the coordinates given by this lemma are adapted to the crossing
type foliation (F, H,T') and that X is the z-normalized local generator for F in
these adapted coordinates.

For any R > 0, up to a constant rescaling in the z variable, we can suppose
that the z-normalized local generators are defined in a domain containing a
neighborhood of Dg x {0} € C"*!. Then, we fix once and for all an constant
R>1.

In these adapted coordinates, the local I'-holonomy can be computed by
lifting the circular path {(e27?,0);0 € [0,1]} along the leaves of the foliation
that goes through a small poli-disk D C C™ transverse to I'* at the point (1, 0).

Definition 5.2.2 (D, g-transversely equivalent crossing type foliations). We
say that (F,H,T') and (G,L,Q) are D, r-transversely equivalent if there exist
0 <r <1< R, respective adapted coordinates (x,z) and (y,w), and a bianalytic
map ¥ between two open neighborhoods U,V C C" ! of D, p x {0} such that ¥
conjugates the x-normalized and y-normalized local generators restricted to U
and V', and we can write ¥ in the form

(y7 = < Zalzzz +¢1 Zz, Z Zanzzz +wn(-75 Z)) y

=1 i=1

where (aij)nxn is an invertible constant matriz and 11, . .., ¥, € m* C O, g[[z]].
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We observe that ¥ is an z-normalized D, p-transversely automorphism (see
Definition . In addition, we can prove that the D, r-transversely equiv-
alence is enough to guarantee conjugated linear parts for the respective local
generators.

Claim 5.2.3. Let (F, H,T') and (G, L,Q) be two crossing type foliations whose
respective local generators X and Y. If (F,H,T') and (G,L,Q) are D, g-trans-
versely equivalent, then X and Y have conjugated linear parts.

Proof. By the definition of D, p-transversely equivalence, there is a automor-
phism ¥, which conjugates the local generators, and, in conveniently chosen
adapted coordinates, it has the form

(ya - ( Zallzl +'¢]1 x, Z Zanzzz +wn(1’ Z)) )

i=1 i=1

where A = (a;j)nxn is an invertible constant matrix and v1,...,%, € m? C
O, rl[z]]. Now, consider the exponential decomposition B o exp Z of ¥, where
B is the block matrix B = 1 ® A. Since Z is tangent to the identity, the
linear part of (Adz X)is X mod m2. Then, the linear part of (U*X) is (A*(X
mod m?)). O

Even though the next result is a simple application of Theorem 2, chapter
IV [CN85|, we are going to give a proof of the new fact that the map which
conjugates the local generators is z-normalized. We refer to [CN85] for further
details.

Proposition 5.2.4. Let (F,H,T') and (G, L,Q) be two crossing type foliations
with respective local generators X andY vem'fymg and (see Section In-
troduction). Then, the crossing type foliations are D, r-transversely equivalent.

Proof. Let K C I'* be a compact set containing the unity circle S!. Given
a point (x,z) in a convenient neighborhood of K, let ay : [0,—In|z|] —
K and 3, : [0,f] — K be the curves such that a,(t) = (zet,0), B.(t) =
(z/]|z[le~2™*,0), and B,(f) = (1,0).

Figure 5.1: Composed path
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Denote by L} and L the respective lifts of v C K to the leaves of (F, H,T)
and (G, L,Q), and by ¢ the map that conjugates the I'-holonomy to the Q-
holonomy. From Theorem 1.2 [CNT77], we recall that the map that conjugates
the local generators X and Y is given by

U(z,2z) = Lg;'l OLS;1 opo Lol (z,2).

By the Lemma we can assume that X mod m?2 =Y mod m2 = 20, +
Dy Z?:l a;j2j0;,, where A = (a;j)nxn is & constant matrix. As consequence,
the holonomies have the same linear part. Hence, the map ¢ has the form
o(z,2z) = (z,2) mod m?.

The restrictions of X to the curves a, and (3, result into the equivalent
differential equations given below, where v; and -5 are the respective solutions

%2 — Az mod m? %2 — _2miAz mod m?
z(0) =z ,4z(0)=2
71(t) = exp(tA)z mod m? v2(t) = exp(—2mitA)z mod m?

Therefore, there exists a constant o € C such that the compositions of the lifts
are given by

Léf o L§ (z,2) = (1,exp(cA)z) mod m?,
L(g)":1 o Lg’:l(l,z) = (z,exp(—cA)z) mod m?.

We conclude that ¥(z,z) = (z,z) mod m? and ¥(z,0) = (z,0), in other words,
the map ¥ is an x-normalized automorphism. O

Remark 5.2.5. Looking at the structure of the logarithm of invertible linear
maps, one sees that the condition of the Main Theorem can be replaced by
the following nonequivalent condition: Writing the respective semisimple parts
of X andY as x0, + L(p) and 0, + L(X), no difference p; — A;, 1 <i,j <n
s a nonzero integer. Indeed, first let us prove the following.

Claim 5.2.6. Let A,B € Endc(C™) be two linear endomorphisms such that
no eigenvalue of A differs from eigenvalues of B by a nonzero multiple of 2im.
Suppose further that exp A and exp B are conjugated. Then A and B are con-
Jugated.

Proof. By hypothesis, exp A and exp B have the same set of eigenvalues. In
addition, there exists an invertible endomorphism C' mapping each generalized
eigenspaces V) of exp A to the generalized eigenspaces Uy of exp B. Restricted
to each eigenspace V) (resp. Uy ), we can write

Ax = Px((exp A)y), Bx = Qx((exp B)x),

where Py, @ are the Taylor expansion of the chosen branch of the logarithm
map centered on .
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By the hypothesis on the eigenvalues of A and B, the same branch of log-
arithm is chosen in both Taylor expansions. That is, Py = Q. Therefore, we
obtain

Ay = Py((exp A)y) = PA(C(exp B)AC™ ') = CP\((expB)»)C~' = CB\C™".
O

As a consequence, we can enunciate the following.

Corollary 5.2.7. Let A, B € End¢(C™) be two linear endomorphisms such that
exp 2imA and exp 2ir B are conjugated, and no eigenvalue of A differs from an
eigenvalue of B by a nonzero integer. Then A and B are conjugated.

The following example shows that even if A and B have the same set of
eigenvalues and the exp A and exp B are conjugated, we can not guarantee that
A and B are conjugated.

Example 5.2.8. Consider the matrices

0 0 O 0 22 0 0 O
0 0 O 0 0 27 0 O
A= 0 0 2 1 |’ B = 0 0 01
00 0 2urm 0 0 0 0

Then we have that exp A = exp B. Furthermore, A and B have the same set of
eigenvalues {0, 2im} with the same algebraic multiplicity but A and B are not
congjugated.

5.3 Proof of Main Theorem and its corollary in
dimension 3

Proof of the Main Theorem. Let ¥ € Aporm(Or r{z}) be the automorphism
defined by Proposition which conjugates X to Y, the respective local
generators, in a neighborhood of an annulus D, g x {0}.

By Proposition there exist @1, P2 € Ay, orm (Or[[2]]) which diagonalize
the respective semisimple parts of X and Y, in other words

PIX = X, + X,

PIY =Y, +Y,,

where X, =Y, = 20, + L(p). By the uniqueness of the Jordan decomposition,
the automorphism U = &5 0 ¥ o &7 € A,prm (O, r[[2]]) is such that

Ui(x0, + L(p)) = 20, + L(p).

It means that ¥, is an xz-normalized D, r-transversely formal symmetry for
20 + L(p).
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Let Aoexp Z be the exponential decomposition of ¥ (see section . Ap-
plying Lemma the exp Z is a symmetry for 9, + L(u), and by Proposition

429 we must have

(Z, 20, + L(p)] = 0.

Since z0, + L(u) has no transverse negative resonance, we can apply Theorem
to guarantee that Z € D(Og][z]]), and then, exp Z € A(Og[[z]]).

Finally, we have that ¥y = AoexpZ € A(Og[[z]]). As consequence, the
automorphism W lies in the intersection A(Ogl[z]]) N A(O, r{z}). Applying
Lemma to the components ¥y,..., U, 1 of U, we conclude that they lie
in Og{z}. Therefore, ¥ € A, orm(Or{z}). O

Remark 5.3.1. As pointed out in the Introduction, we can reformulate the
Main Theorem as follows: If the eigenvalues of (F,H,T) satisfy the no trans-
verse negative resonance condition, then (F,H,T) is analytically classified by
its linear part and its I'-holonomy.

In dimension three, we can be more precise about the local classification in
terms of the linear part and the holonomy proving Corollary

Proof of Corollary[B. We recall that the triple (1, A, u) is in the Siegel (resp.
Poincaré) domain if 0 € C belong (resp. does not belong) to the the convex hull
K1, A, p).

Up to a symmetry, we can assume that Im(\) > 0. Then the triple (1, A, i)
is in the Siegel domain if and only if the third eigenvalue p lies in the closed
region R := {z € C;7m <argz < m+ arg A} (see figure .

Figure 5.2: Siegel domain

Assume that p lies in R. Then two cases can occur:

i. Aliesin C\R. Then we claim that (A, u) satisfies the no negative resonance
condition. To show this, we need to prove that the discrete positive cone

C={piA+pop;p1,p2 € Z>_1,p1 +p2 > 0}
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ii.

contains no element n € Z>1. We consider initially the case where p = 0.
Then C = {p1A;p1 € Z>_1} and the equality Im(p;A) = Im(n) implies
that p; = 0. Consequently, we have that 0 = Re(p1A\) = n. Hence
cn Z21 = .

Now, assume that p is nonzero. Since, u € R, the imaginary part of p is
negative. Remark that the euclidean inner product of the vectors in R?

associated to two complex numbers z,w is given by Re(2w), and iz and
—iz are orthogonal to z. Hence, the set C lies in the half-plane

H = {2 Re(zi(A — 1)) > 0}

Figure 5.3: The discrete positive cone C

Now, for an arbitrary positive integer number n,

Re(ni(A — p)) =nRe(i(A — p)) = —nIm(A —p) <0
which shows that n ¢ H.

A lies in R. Then the region R reduces either to the half nonpositive real
line (if A > 0) or to the whole complex plane (if A < 0). We consider these
two cases separately. But firstly, remark that the no transverse negative
resonance property is equivalent to the conjunction of the following three
conditions,

Vp1,p2 € Z»0,¥q € Z>1;  p1A+pap # q (%)
Vp,q € Lxi; PAF p+q (%)
Vp,q € Z>u; puUFEN+q  (xx%)
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(a) p <0 < A Here, pu < 0 and A+ ¢ > 0, then the condition ( x x)
always holds. The negation of the condition (xx) corresponds to the
equation , and the negation of the condition (x) is equivalent, up
to a permutation of coordinates, to p1 > 1 and A = q/p1 — pa/p1pt €
Q>0 — 1Q>o.

(b) A < 0. The case where p # R is treated in (i)). By a changing
coordinates, the case where p > 0 is the item (fii.a}). Hence, up to a
permutation of coordinates, just u < A < 0 remains to be considered.
In this case, the conditions (x) and (*x*) always hold. The negation
of the condition (%) implies that 4 < A < 0 and that (2)) holds.

O

5.4 The (z,z)-preserving Endomorphisms

Definition 5.4.1 ((z, z)-preserving formal automorphism). An (x, z)-preserving
formal automorphism is a formal automorphism ® € A(C|[x, 2]]) such that

1. ®({x)) C {x) and
2. D((z1,...,2n)) C (21, 2n).

Geometrically, an (x,z)-preserving formal automorphism preserves the for-
mal hypersurface H := {z = 0} and the formal curve I" := {z = 0}. We define
similarly an (z,z)-preserving formal derivation X € D(C|[x, z]]).

Lemma 5.4.2. Consider a formal automorphism ® = expW € A(C|[z, 7]]).
Then ® is an (x, z)-preserving formal automorphism if and only if W is an
(z, z)-preserving derivation.

Proof. The proof follows easily from the formal definition of the exponential of
a derivation. O

In particular, an (x,z)-preserving derivation is given by a formal sum of
monomial derivations of the form

zvzMz o, (5.3)
where u € Z>q and M € Z%, and
z'zV L(\), (5.4)

with v € Z>g, N € L,,.
From now on, all derivations that we shall consider are (x,z)-preserving.

Definition 5.4.3 (Order of a formal series). Consider a formal series f(x, z) =

Z(i K)ezt! a;xx'2f € Cl[z,2]]. We say that the order of f is the small-
) >0

est number ord(f) = |(io, Ko)| € Z>o such that a; x = 0, for all |(i,K)| <

|(i0, Ko)|-
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Let S = x0x+L(p) be a diagonal derivation, Y = S + N be a derivation
already in a normal form (i.e., N is nilpotent and commutes with S), and u be
a unit. In addition, we assume for simplicity that u(0) = 1, i.e., we can write
u =1+ uy, where ord(u;) > 1. Hence we can write

uY =S +u S+ (1+wu)N. (5.5)

The next lemma shows that there exists a reduction to a normal form keeping
essentially the same structure of (5.5)).

Lemma 5.4.4. There exists an (z, z)-preserving formal automorphism conju-
gating u(S + N) to the normal form

S+gS+(1+h)N,

where g and h are formal series containing only resonant monomials such that
ord(g) and ord(h) are greater or equal than 1.

Proof. Let us write uY = S + ¢S + (1 + h)N (assuming initially g = h = uq).
We consider the conjugation by a monomial automorphism of the form

exp(z?z" (aS + BN)),
where a, 8 € C are constants to be chosen. In the sequel notice that

(29258, 8 + gS + (1 + h)N] = —(a + (i, K))z*2" S + roS + soN

(292" N, S + gS + (1 + I)N] = —(a + (1, K))2"2" N + 115 + 51N
where 7q,71, 50, 51 denote formal functions of order strictly higher than z%z%.
Therefore, following the same argument of the Poincaré-Dulac Theorem, by con-

veniently choosing the constants «, 8, we can successively eliminate all mono-
mials in the expansion of g and h which are non-resonant. O

5.5 The almost optimal no transverse positive
resonance property

The following result is an adapted version of the Division Lemma of Rham-
Saito, see for instance [CCD13], Proposition 1.14.

Lemma 5.5.1. Consider two derivations X,Y € D(Ogr{z}) and the respective
foliations F and G generated by X and Y. Suppose that the singular sets of
X and Y have codimension greater or equal than 2, and that there exists an
automorphism ® € A(Ogr{z}) taking leaves of F into leaves of G. Then there
exists a unit u € Op{z} such that

DY = uX.
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Proof. From the hypotheses, the derivations X and ®*Y are linearly dependent
at each point of their common domain of definition. In other words, we can
write

a(z,z)®*Y 4+ b(z,2)X =0,

where a(x,2z) and b(x,z) are complex functions.

Denote the derivations by ®*Y = g1 (z,2) 0x + >y gi+1(x,2) 9, and X =
fi(z,2) Ox+ Y1, fir1(z,2) D, Let Lx be the singular set of X and p ¢ .
Since X does not vanishes at p, there exists an index 4 such that f;(x,z) does
not vanish in a neighborhood V' of p. Then we can define the following analytic
function in V'

Since g;/f; = —b/a = gi/ fi, for every i,j where f;, f; do not vanish, we
can define w in {Dg x U} \ x, where U C C" is a neighborhood of the origin.
By the hypothesis on the codimension of the singular sets, we can extend u to
Dpgr x U. As a result, we can write Y = uX. Finally, the hypothesis that set of
singular points of Y has codimension greater or equal 2 guarantees that u is a
unit. U

Remark 5.5.2. Given an analytic automorphism ® € A(Ogr{z}), its exponen-
tial decomposition

d=AoexpW

1s such that W is a formal derivation and has a monomial expansion of the form

W = Z 1728 (0 g7 Ox +L(Va.B)), (5.6)
(a,B)€Ln+1

where o g € C and By € C". We remark that if a derivation W is analytic
then the automorphism exp W is also analytic. On the other hand, the logarithm
of an analytic automorphism may not be an analytic derivation.

Lemma 5.5.3. Let A be an invertible diagonal matriz, and ® € A(C[[z, 2]]) be
an (z, z)-preserving formal automorphism whose exponential decomposition has
the form AoexpW. Then the formal derivation W is (x, z)-preserving formal
derivation.

Proof. Since expW = A~'o® is an (x,z)-preserving formal automorphism, the
result follows from Lemma [5.4.2] O

Lemma 5.5.4. Consider p = (p1,. .., pn) € C", where p; # pj, fori# j, and
the matriz A = diag(p1, ..., un). If a matrix B commutes with A, then B is
also diagonal.
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Proof. Let A = (@i;j)nxn 80d B = (b;;)nxn. By hypothesis, B commutes with
A,ie., BA= AB. Then for all 1 <14,j < n, we have that

n n
> biar; =Y airbi
k=1 k=1
Sbigpg = pibiy
By hypothesis p; # pj, then the equation above implies that b;; = 0, for all
i 7. O

We recall that the negative and positive resonant sets of a diagonal derivation
S = x0, + L(p) are given by

NR(S) :={T € L,; {(1t,T) € Z>1},
PR(S) = {K € £, \{0}; (1, K) € Zo}.

Lemma 5.5.5. Let S =z 0y +L(p), and
Ny =2 KK L(@), No=a= KT KT (),

where (T, K) € NR(S) x PR(S) and (1, T + K) < 0. Then there exists no
(x, z)-preserving formal automorphism conjugating the normal forms

X=84+N andY =S+gS+ (1+h)(N1+ Na),
where g, h are resonant formal series of order greater or equal than 1.

Proof. Suppose by contradiction that there exists an (x,z)-preserving formal
automorphism ® conjugating X with Y. By the invariant the Jordan decom-
position, we have ® o S o ®~! = S, and consequently

(I)ONI O(I)_l :gS+(1+h)(N1 +N2)

Since ® is a symmetry of S, writing ® = AexpW, by Lemma expW
is symmetry for S. Then we conclude that each monomial derivation in the
expansion of W should be either of the form (5.3)) with

u+ (u, M) =0,

or of the form (5.4) with
v+ (u, N) =0.

By computing the respective first Lie brackets, we obtain

[zzM 8y, Ni| = [¢"2Mz 8y, 2~ )25 L(a)]

= "~ IR, K) L(a) + (u, M)z 05)

41



and

[2Y2M L(\), Ny| = [#°2M2L(\), 2= F0 28 L(a)]
— 331)_<“’K>ZN+KL(’}/).

In both cases, the exponents of the resulting monomials in the x-variable are
greater or equal than —{u, K). Then by induction, we proof that this property
holds for all monomial derivations in the expansion of ® o Ny o ®~1.

On the other hand, since L(8) and x 0y +L(u) are linearly independent,
there exists a monomial of the form

a T KT (5 +L(7)),  (¢,7) # (0,0),

in the expansion of Y. By Lemma[5.5.4] the linear automorphism A is a diagonal
matrix, then it preserves the exponents of x. Finally, since —(u,T + K) <
—(u, K), it follows from the previous paragraph that such monomial can not
be in the expansion of ® o N; o ®~!. This contradiction shows that ® can not
exist. O

Proposition 5.5.6. Consider two crossing type foliations (F, H,T") and (G, L, Q)
whose respective x-normalized local generators have the form

X =28+ L(p) + =X 25 L(n)  and (5.7)
Y = 20, + L(p)+a~ W28 L) + o= B+ D) g K4 T ()) (5.8)

where p = (p1,. .., ptn) € C" such that p; # 1, for i € {1,...,n}, and p; # p;,
fori# j. If the pair (T, K) € NR(S) x PR(S), where S = x0, + L(u), satisfies
(o, T) + (1, K) <0, then (F,H,T') and (G, L,Q) are not analytically equivalent.

Proof. Suppose by contradiction that (F,H,I") and (G, L,2) are analytically
equivalent. By Lemma there exists an (x,z)-preserving automorphism
conjugating X to uY’, where u is a unit. Denoting by Ny =z~ *5) 2K L(;1) and
Ny = o~ (B +wT)gK+T L)) and using Lemma we can assume that
there exists a formal (z,z)-preserving automorphism conjugating the normal
forms

By Lemma [5.5.5] we conclude that no such automorphism can exist. Therefore,
(F,H,T) and (G, L, Q) are not analytically equivalent. O

Definition 5.5.7 (D, r-transversely convergent conjugation). We say that two
derivations X,Y € D(Ogr{z}) are D, r-transversely convergent conjugated if
there exist two neighborhoods U and V of D, g x {0} in D, g x C" and a
automorphism ® : U — V' such that

X =Y. (5.9)

for all (x,2) e U
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Proof of Proposition[(. Consider the derivations

X =20 +L(p) + =K 2K (1) and
V =2 Dzl L)),

Conjugating X by the automorphism exp V', we find

Y = exp (ady) (w0, + L()) + exp (ady) (&= X025 L (1))
= 20, + L(p) + 2~ F 28 L(p) — (p, T~ oK+ T) g K+T ),
Indeed, we have that exp (ady )(x0; + L(p)) = 20, + L(p). In addition, by the
hypothesis (A, K) = 0, we find
ady (=025 L) = 2~ W EITOINZETT (N, K)L(p) = (0, T) L)
= —(p, T~ W B F T g K+T 1\,

and

ad? (a2 K L () =
= —(u,T) [x—m,T)ZTL()\)’ x—(<u7K>+<u,T>)ZK+TL()\)]
= (U, TY(\ K +T = T))a™ K- 20T1gK+2T ()

=0.

Notice that, for all 0 < » < R, exp V establishes a D, r-conjugation between

X and Y (which is not analytic at = 0). In particular, the holonomies of the

crossing type foliations (F, H,I') and (G, L, ), associated respectively to X and

Y, are conjugated. On the other hand, it follows from Proposition that
(F,H,T) and (G, L, ) cannot be equivalent.

O

For both following examples, we keep the notation of Proposition [C]

Example 5.5.8. Consider p = (2,—2), A = (1,0), T = (1,0) € NR(S), and
K = (0,1) € PR(S). Then we have

V =z2"?ydy,

X =20 +2(1 + 2°2)(y 0y —29,), and

Y =205 +2(1 + 2%2)(y 0y —20,) — 242 0, .

By proposition [T, the crossing type foliations generated by X and'Y have con-
Jjugated holonomies but are not orbitally analytically equivalent.

The following example exhibits a large family of vector fields lying in the

class (3.a)) of the Corollary
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Example 5.5.9. Let u = (—1,—n) for somen > 2 and m,k € Z such that 1 <
m <mn, and k > n—m. Taking A\ = (1,0), and T = (m,—1), K = (k,0) € L,,,
consider the derivations

V — m’m—ny’m az

X =20, +(1 + 2*y*)(~y 8y, —nz 8,) and

Y = X 4 (m —n)zktmrymthy,

By proposition [C, the crossing type foliations generated by X and Y have con-
Jugated holonomies but are not orbitally analytically equivalent.

5.6 Crossing type foliations in C*

In this section, we study crossing type foliations in (C4, 0) whose local gen-
erators have real linear parts. For such foliations, the extra hypothesis over the
eigenvalues together with the no transverse negative resonance property allow
us to formulate the following.

Corollary 5.6.1. Consider a crossing type foliation (F,H,T') € (C*,0) whose
local generator X has a real linear part with w1, pa, ps, and py as the eigenvalues
such that ,ul_lX is an x-normalized derivation. Then tree cases can appear:

1. The eigenvalues of X are in the Poincaré domain. Then (F, H,T) is ana-
lytically normalizable and has at most a finite number of resonant mono-
maials.

2. The eigenvalues of X are in the Siegel domain. Then (F, H,T) is analyt-
ically classified by its linear part and its I'-holonomy.

3. The eigenvalues of X are in the Siegel domain and

(a) w; € C\R is non-pure imaginary for i = 1,2,3,4, u1 = @z, s = fa,
and up to an axris permutation

pa € Zi>1 p2 + Li>o 3 — Li>1
p1 & Qsop2 +Qxo pz — Qso g

(b) w1 =Tz are pure imaginary, pz = fg € C\ R are non-pure imaginary
and

2[Im(p3)| € Zz1|Im(p1)].
(c) i is pure imaginary for i =1,2,3,4, and

Im(p3)| € QzoIm(p1)]-
(d) Up to a rotation, pi,ps € Rso, ps, ua € C\R, and Re(us) <0, and

p2 € Qsopr — QsoRe(us).
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(6) H1 > 0, M2 <0, M3 = 4 € C\R, Re(MS) >0, and

p2 & 2Z>1|Re(ps)| — Z>1m
|Re(us)| ¢ Qsop1
p2 & Qsopr — Qso|Re(us)]

(f) w1 >0, p2 <0, pz =g € C\R, Re(uz) <0, and
to € 2Z>1 Re(us) — Z>1p1.

(g) Up to a rotation, uy, s > 0, pg = g are pure complex, and

p2 & Qs pa-
(h) 1 >0, ue <0, us = g pure complex, and

p2 & Zco -
(i) w1 € R*, uy =0, pug =7z € C\ R, Re(uz) > 0, and

Re(usz) € Qsop-

(5) wi’s are real such that we can construct Table

Proof. For the Poincaré domain, the result is already known. Then, once for all,
we assume that the eigenvalues of X are in the Siegel domain (so of ;' X). Now
recall that a derivation with eigenvalues p; = 1, po, u3, and pg does not satisfy
the no transverse negative resonance property (or simply NTNR property) if
exist (p2,ps,pa) € L3 and ¢ € Z>1 satisfying

4
mez‘ =q. (5.10)
=2

Consider that all the eigenvalues of X are non real. Then, up to rotation,
they have one of space distributions in C shown in Figure [5.4] For the left-
hand side case, we can write the eigenvalues in the following form pu; = a + bi,
o = a — bi, u3 = —c + di, and py = —c — di, where a,b,c,d € R+g.

Suppose that ,ul_lX does not satisfy the NTNR property. Hence equation

(5.10) takes the form

4 L
> pi—=q. (5.11)
=2 H1

Then multiplying equation (5.11)) by w1, we find

4
Zpiui =qp- (5.12)
1=2
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1, ph2y i3, pa > 0

| w1 € Qs p2 +Qsop3+ Qs pa

p1, po, 3 > 0, g <0

pa € L1 p2 + Lo p3 — L>1
p1 € Qs_q p2 + Qs pz + Qs pa
p1 € Qsopz + Qs g pz + Qxg pa

p1y p2 >0, pg, pg <0

p1 € Qs_q p2 + Qs pz + Qs pa
p1 € Qs pz + Qs 3 + Qs pa
p1 € Quopz +Qs_q puz + Qxg pa

p1 > 0, pg, 3, g <0

| € —p2+Qsops+Quopia

1, fhoy 43, pa < 0

| 11 € Qs_qp2 + Qso s+ Qs pa

p1, p2, i3 > 0,08 =0

po € Zi>1 p3 — Zi>1 pia
p1 € Qoo pz + Qs pi3

M1, 2 >O7.u’3 <07/'L4:0

H3 € Lo p2 — L1
p1 € Qsop2 — Qxp p3

M1 >07N27N3 <07M4 =0

fo € L1 piz — Zi>1 fiq

p1, p2, i3 < 0,pus =0

po € Lo p3 — Z>1 pi1

pas pz > 0, piz, g =0 p2 € Qs
p1 >0, p2 <0, pz, pg =0
P, p2 <0, pg, pra =0 p2 € Qs

p1 > 0, p2, 3, pig =0

Always satisfy

< 07/“627/1’37#4 =0

Always satisfy

By p2s pi3s pra =0

|
|
|
} p2 € —Zs1 1
|
|
\

Always satisfy

Table 5.1: Table for real eigenvalues

Figure 5.4: Space distribution for four non real eigenvalues in Siegel domain.

If py = —1,p3 = 0,p2 > 1, Equation (5.12)) implies that

pa = ZL>1 p2 — L>1 p1-

Therefore, if p1q4 ¢ Z>1p2 — Z>1p1, Equation (5.12) is never satisfied. Analo-

gously, we can construct the Table
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Hypotheses ‘ Restrictions
ps=—1,p3=0,p2 > 1 ‘ pa & sy po — Zi>1 i
pe=—1,p3 > 1,pp > 1 ‘ pa F L1 po+Zs1 ps — L1
pa=0,ps>1,pa>1 | p1 & Qso p2 + Qs pi3
py>1,p3=—-1,pp > 1 ‘ s & Z>1 p2 + Zso prg — Z>1 1
pa>Lp3>1pa>1 | p1 & Qugpz+ Quops — Qso pia

Table 5.2: Restriction for the first non real case.

On the other hand, isolating the real and imaginary parts in (5.12)), we find

(ps +pa)c = (p2 — qQ)a, (5.13)
(p3 — pa)d = (p2 + q)b.
Apart from the possibilities shown in Table the contradictions that System

(5.13)) leads are simple to infer. However, in the seek of completeness, Table
shows for each assumption over ps, p3, and p4 the correspondent contradiction.

Hypotheses Contradiction leaded by equations m
pa=—1,p3>1,pp =0 (ps —1)c=—qa
pa=0,p3=—1,pp > 1 —p3d = (p2 + q)b
Pa=0,p3=0,ps =0 0= qu
pa=0,p3 =0,p2 > 1 0=(p2+ )b
pa=0,p3 > 1,po=—1 psc=(-1—¢q)a
Pa=0,p3 >1,p2 =0 P3c = —qa
pa=1,ps=—1,pp=0 pac = —qa
pa>1,p3=0,pa >1 pic=(=1—-q)a
pa>1,p3=0,p2 >1 —pad = (p2 + q)b
pa>1,p3 > 1,pp=—1 (p3 +pa)c=(=1—qla
pe>1,p3>1,p2=0 (p3 +pa)c = —qa

Table 5.3: Contradictions for first non real case.

With respect to the center distribution in Figure [5.4] we can write py = bi,
lo = —bi, u3 = —c+di, and py = —c—di, where b, ¢,d € Rsg. Then the System
(5.13)) takes the following form

—(p3 + pa)c =0, (5.14)
—p2b+ (p3 — pa)d = gb. (5.15)

By , we infer that ps = —p4, and consequently py € {—1,0,1}. If
pyg =p3s =0and ps > 0o0r py =1 = —ps and p; > 0, by Equation , we
have that 0 > —pab—+ (p3s —ps)d = gb, which is a contradiction. In the remaining
case, if 2Im(ps) ¢ Z>1Im(p1), or equivalently 2|Im(us)| ¢ Z>1|Im(uq1)|, the
NTNR property is satisfied.
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Hypotheses ‘ Restrictions
pa=—1,p3=0,p2 > 1 | [Im(u3)| & Z>o[Im(ps1)
pa=—1,p3>1,po =0 | [Im(u3)] ¢ QxoTm(s1)
pa=—1,p3 > 1,po > 1 | [Tm(us)| ¢ QxoTm (1)

| (11)

pa=0,p3 > 1,pp = —1 | [Im(us)| ¢ QsoTm(p1
pa=0,p3 > 1,po =0 | [Im(uz)| ¢ Qs ollm(p1)]
pa=0,p3>1,p2 >1 [Tm(p3)] & Qs olIm(p)]

pa>1,p3 > 1,p2 =0 [ [Im(us)] ¢ Qxo[Tm ()]
pa>1,p3>1,pp = —1 | Tm(us)| ¢ Qs o[Tm(p1 )]
pa>1,p3 > 1Lpp > 1 [ [Im(us)] & QsolTm(p )]

Table 5.4: Restriction for the second non real case.

Hypotheses Contradiction leaded by Equation m
pa=0,p3=-1,pp >1 —d = (q+p2)b
pe=0,p3 =0,p2 =0 0=gb
ps=0,p3=0,pp > 1 0=(q+p2)b
pe>1,p3=—-1,p2=0 (=1 —p4)d=qb
pa>1,pg=—1ps>1 (=1 —ps)d = (g +p2)b
pa>1,p3=0,pp=-1 —pad = (¢ —1)b
Pa>1l,p3=0,pp=0 —pad = gb
pa>1,p3=0,p2 >1 —pad = (q + p2)b

Table 5.5: Restriction for the third non real case.

Finally, for the right-hand side distribution in Figure [5.4] we can assume
that pq = b, pe = —ib, us = id, and pg = —id. Then Equation (5.13]) becomes

(p3 — pa)d = (q + p2)b. (5.16)

If p3 = p4, we have that ¢ = —ps, which is a contradiction. On the other
hand for p3 # p4, we can construct the Table using Equation . In
particular, if [Im(us)| ¢ Qs¢/Im(p1)|, the NTNR property holds. In seek of
completeness, we show Tablg that contains the contradictions that Equation
leads.

Now, assume that X has two non-null real and two non-real and non-pure
imaginary eigenvalues. Accordingly, we have, up to rotation, three possible
space distributions as shown in Figure 5.5 To the distributions in the right
hand side, we can assume p1, e > 0, ug = g = —c + di, where ¢,d € Rg.

Hence Equation ([5.13)) becomes

papi2 — (p3 + pa)c = qua, (5.17)
(p3 —pa)d = 0. (5.18)
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Figure 5.5: Real and non-real eigenvalues space distribution.

Equation implies that p3 = ps. And if po € {—1,0}, we have 0 >
papte — (p3 + pa)c = qui, which is a contradiction. On the other hand, if p; > 0
and po ¢ Qsop1 — Qso Re(us), the NTNR property is satisfied.

Now, for the distribution in the center, we can assume p; > 0, pus < 0, and
p3 = fix = ¢ + di, where ¢,d € Rs¢. From Equation (5.13)), we have that

papt2 + (3 + pa)e = qpu1, (5.19)
(ps — pa)d = 0. (5.20)

By Equation , we find p3 = ps. In particular, for py = p3 = ps =
0 and py = p3 = 0 and p, = 1, we have that 0 > pous = ¢, which is a
contradiction. Moreover, by a simple analysis of the Equations and ,
we can construct Table E.6l

Hypothesis ‘ Restrictions
pa>1,p3 > 1,pp = —1 | p2 & 2Z>1|Re(us)| — Zz1jn
pa>1ps>1,p2=0 | IRe(p3)| & Qsop1

pr>1ps>1pa>1 | po & Quopr — QsolRe(us)]

Table 5.6: Restrictions for the top left case.

Now, we analyse the left-hand case, where we can write p; > 0, ps < 0 and
i3 = fig = —c + di, with ¢,d € Rs(. As in the previous cases, we have

papi2 — (p3 + pa)c = qua,
(ps —pa)d =0,

and consequently ps = py. In addition, if po > 0, we have 0 > paps —(ps+p4)c =
g1, which is a contradiction. Moreover, if po = —1 and ps ¢ —2Z>1 Re(us) —
Z>1p1, it is simple to see that X satisfies the NTNR property.

For the case where the eigenvalues are two non null real numbers and two
pure complex numbers, we have, up to rotation, two possible space distribution
as shown in Figure
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Figure 5.6: Real non null and pure complex eigenvalues space distribution.

For the right-hand side, we can write p1, 2 > 0, pus = di = Jig, where
d € Rsg. Then Equation (5.13) takes the form:

Pb2p2 = ¢,
(ps — pa)bi = 0.

It implies that p3 = py > 0. Therefore, if s ¢ Q< p1, the NTNR property is
satisfied. On the other hand, for the space distribution in the left-hand side, we
can write py > 0, puo < 0, ug = di = fig, where d € Ryg. Analogous, we find
that if po ¢ — Zo p1, the NTNR property is satisfied.

Now, let p3 € R*, up = 0, and pu3 = iy = ¢ + di, where ¢ € R and d € R™.
Equation becomes

(p3 +pa)c = quu,
(p3 - p4)d =0.

Hence p3 = p4, and consequently, if Re(us) ¢ Qsoui1, the NTNR property is
satisfied.

For the last case with complex eigenvalues, we can write u; = s = a + bi,
where a € R<g,b € Ry, and u3 = ug = 0. Equation becomes

bsa = qa,

—py b= qgb.

Therefore, po = ¢ = —p2, and consequently po = 0 and ¢ = 0, which is a
contradiction.

In the case where all eigenvalues are real, we have 14 sub-cases accordingly
to their position in the real line. In any of these cases, the analysis is made as
previously: We assume that the eigenvalues do not satisfy the NTNR, property
and in the sequel we analyse Equations and with different values
of po, p3, and py. We give Table [5.7| with the respective set where the NTNR is
valid. O
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Hypothesis

Restrictions to satisfy the NTNR property

K1y 2, 143, g > 0

p1 & Qs_1 p2 + Qs p3 + Qs pa

H1, poy 3 > 0, g <0

pa & L>1 pa + Lo 3 — L>1 11
p1 ¢ Qs_q p2 + Qs pz + Qs pa
p1 & Qo piz + Qs g i3 + Qs pia

p1s p2 >0, p3, pg <0

p1 ¢ Qs_q p2 + Qs pz + Qs pa
p1 & Qsopz + Qs 1 3 + Qoo pia
p1 & Quop2 + Qs g i3 + Qo pa

p1 >0, po, ug, pa <0

p1 & —p2 + Qsopz + Qg g

K1y 2, 13, g < 0

p1 ¢ Qs _q p2 + Qso p3 + Qs g

B, pi2s i3 > 0, p04 =0

po & Z>q piz — > ju
p1 & Qsop2 + Qs pi3

p1spe >0, u3 < 0,04 =0

M3 ¢ Liso po — L1
p1 ¢ Qsop2 — Qs pi3

H1 >07/~L27/L3 <O7,u‘4:0

po & L1 pt3 — L1 pia

B, p2, 3 < 07”’4 =0

po & Lo p3 — L>1 1

pispro >0, pz, g =0 p2 € Qo
pa >0,z <0, p3, g =0 H2 & —Z>1
p, p2 < 0, 3, pra =0 p2 & Qso

p1 > 0, pa, 3, pg =0

Always satisfy

p1 <0, po, ug, ps =0

Always satisfy

1, ph2y 13, pa =0

Always satisfy

Table 5.7: Table for real eigenvalues and its restrictions
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Introduction en francais

La classification analytique des feuilletages singuliers en dimension deux et sa
connexion avec la conjugaison analytique des holonomies était un des résultats
centraux de l'article de Mattei et Moussu [MMS80b] en 1980.

Plus tard en 1984, Elizarov et II'Yashenko [EI84] ont prouvé que, en dimen-
sion trois ou plus, si nous ajoutons quelques restrictions sur les champs vectoriels
qui générent les feuilletages, la conjugaison analytique des holonomies corre-
spond a ’équivalence analytique des feuilletages. En 2006, Ce méme résultat
fut prouvé en 2006 par Helena Reis [Rei06] avec une méthode plus simple.

Plus précisément, les auteurs considérent des germes de champs vectoriels
analytiques singuliers X dans (C™, 0) pour n > 3, avec Ay, . .., A, comme valeurs
propres de la partie linéaire de X, vérifiant:

1. L’origine de C™ est une singularité isolée de X.

2. X est de type Siegel (c’est-a-dire que l'enveloppe convexe de Aq,..., A,
contient Porigine).

3. Toutes les valeurs propres sont non nulles et il existe une droite passant
par l'origine de C séparant \; des autres valeurs propres dans le plan
complexe.

4. A un changement de coordonnées pres, X = S Nizi(1+ fi(2))0,,, ot
z=(21,...,2n), €t f; est un germe de fonction analytique tel que f;(0) =0
pour tout .

Dans [EI84] et [Rei06], il est prouvé ce qui suit :

Théoréme ([Rei06], Théoreme 1). Soient X et Y deux germes des champs
vectoriels, vérifiant (1),(2),(3) et (4). Notons Ax et Ay les holonomies de
X et'Y relativement aux séparatrices de X et 'Y tangentes a l’espace propre
associé a la premiére valeur propre, respectivement. Alors si Ax et Ay sont
analytiquement conjugués, donc X etY sont analytiquement équivalents.

Dans ce travail, nous enlevons I'hypothese (1) et affaiblissons (2), (3) et (4).
En conséquence, nous élargissons ’ensemble des champs vectoriels pour lesquels
la conclusion du théoreme est vraie.

93



Plus précisément, nous traitons une classe de germes de feuilletages analy-
tiques singuliers appelés de type croisement. Un feuilletage de type croisement
dans (C™*1,0) est un triplet (F, H,T) tel que:

i. F est un germe de feuilletage analytique a une dimension.
ii. H est une hyper-surface lisse et I" est une courbe invariante lisse telle que:

(a) H et I sont transverses & l'origine.

(b) Les deux sont invariants par le feuilletage F.

iii. Chaque générateur local de F a une valeur propre non nulle dans la di-
rection I'.

Figure 5.7: Transversalité de H et I' a l'origine

Comme dans les articles cités ci-dessus, nous devons exiger une propriété sur
les valeurs propres de la partie linéaire des générateurs locaux. On dit qu'un
champ de vecteurs, avec 1, 5 . . ., iy, comme valeurs propres de sa partie linéaire,
n’a pas de résonance transverse négative si aucun élément dans le cone positif
C= {3 pipi;sp1 + -+ +pn > 1}, ot p; € Z>g, peut étre écrit sous la forme
W + g, avec q € Z>1, pour tout 1 < j < n.

Comme conséquence de la définition des feuilletages de type croisement, il
existe des coordonnées locales (z,z), dites adaptées a (F, H,T'), telles que la
courbe T' et I'hypersurface H sont exprimés respectivement par v := {z = 0},
H := {& = 0}. De plus, si les générateurs locaux de (F,H,T") n'ont pas
de résonance transverse négative, on peut choisir un générateur local dans ces
coordonnées adaptées qui a la forme

20z + E”: En: ;520 + 2": bi(x,2)0.,, (5.21)
i=1

i=1 j=1

olt (@ij)nxn est une matrice constante, et b;(z,0) = 2% (z,0) = 0 pour tout
J

i,j € {1,...,n}. On dit quun champ de vecteurs avec cette forme est un
champ de vecteurs z-normalisé.

o4



Figure 5.8: Pas de résonance négative transversale

Notre objectif principal est de classer ces feuilletages analytiques singuliers
jusqu’a I’équivalence analytique. Ici, on dit que deux feuilletages de type croise-
ment (F, H,T) et (G, L,Q) sont analytiquement équivalents s'il y a un change-
ment de coordonnées analytique qui envoie les feuilles de F aux feuilles de G et
la paire (H,T') a (L, Q).

Le théoreme suivant est le résultat principal de ce travail. Nous avons adapté
et généralisé une idée initialement introduite dans la these d’Arame Diaw [Dial9,
DL20] pour le prouver. Ci-dessous, nous notons par I'-holonomy et Q-holonomy
les holonomies locales respectives le long des courbes I de F et ) de G.

Théoréme Principal. Soient (F, H,T') et (G,L,Q) deux feuilletages de type
croisement tels que :

(a) Les parties linéaires des générateurs locauxr de F et G sont conjuguées.

(6) Le générateur local de F (et donc celui de G) n’a pas de résonance trans-
verse négative.

(c) Les I'-holonomie et Q2-holonomie sont analytiquement conjuguées.
Alors (F,H,T) et (G,L,Q) sont analytiquement équivalents.

Motivés par le Théoreme Principal ci-dessus, nous disons qu’'un feuilletage de
type croisement (F, H,T') est classé analytiquement par sa partie linéaire et son
[-holonomie si tous les feuilletages de type croisement (G, L, ) avec une partie
linéaire conjuguée et une Q-holonomie conjuguée a (F, H,T') est analytiquement
équivalent a (F, H,T).

En conséquence, nous pouvons donner une preuve unifiée d’un résultat obtenu
avec différents outils par Mattei et Moussu [MMS80b] et plus tard par Martinet et
Ramis [MR82]. Dans un article récent [DL20], Diaw et Loray utilisent des tech-
niques similaires pour prouver ce théoreme. Avec notre notation, nous pouvons
I’énoncer comme suit :
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Corollaire A. Soit un feuilletage de type croisement (F, H,T') € (C2,0) qui
posséde, en coordonnées adaptées, un générateur local x-normalisé de la forme

ot f est un germe de fonction analytique telle que f(0,0) = A. Deuz cas sont
possibles :

1. La valeur propre X appartient ¢ C\R<g, alors (F, H,T') est analytiquement
linéarisable.

2. La valeur propre A appartient & R<q, alors (F, H,T') est classé analytique-
ment par sa partie linéaire et son I'-holonomie.

On rappelle qu'un germe de champ de vecteurs singuliers dans (C™,0) avec
des valeurs propres A1, ..., A, est dans le domaine de Siegel (resp. Poincaré) si
Porigine est (resp. n’est pas) dans lenveloppe convexe des valeurs propres en

C.

Proof. Dans le cas de Poincaré (A € C\ R<y), le résultat est immédiat puisque
lexistence de deux séparatrices analytiques implique qu’il ne peut y avoir de
résonance de type Poincaré. Dans le cas de Siegel (A € R<g), il suffit de remar-
quer que la condition de pas de résonance transverse négative est satisfaite. Le
résultat est donc une conséquence du Théoreme Principal. O

En dimension trois, le corollaire suivant, qui sera démontré dans la section
est une généralisation de ce résultat.

Corollaire B. Soit un feuilletage de type croisement (F,H,T) € (C3,0) qui
a, en coordonnées adaptées, un générateur local r-normalisé avec partie semi-
simple

20y + AyOy + pz0..

Alors trois cas sont possibles :

1. Les valeurs propres sont dans le domaine de Poincaré. Alors (F,H,T') est
analytiquement normalisable et posséde au maximum un nombre fini de
monomes résonnants.

2. Les valeurs propres sont dans le domaine de Siegel et au moins une des
valeurs propres A,y est non réelle. Alors (F,H,T') est classé analytique-
ment par sa partie linéaire et son I'-holonomie.

3. Les valeurs propres sont dans le domaine de Siegel et toutes réelles. Alors
(F,H,T) est classé analytiquement par sa partie linéaire et son holonomie
ou une des conditions suivantes est vérifiée, a une permutation des coor-
données y et z pres :
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(a) Soit p <A <0 et
pPA=p+q, (5.22)

pour certains p,q € Z>1,

(b) Ou, p <0 < A, satisfaisant (5.22) ou A € Qs — uQ>¢ (notez que
ces conditions ne sont pas mutuellement exclusives).

En dimensions supérieures, une liste similaire de cas possibles est considéra-
blement plus compliquée. Dans la derniére section, nous allons prouver un
résultat similaire en dimension 4, avec ’hypothese supplémentaire que la partie
linéaire du générateur local est une matrice réelle. L’énoncé est assez technique
et nous nous référons a la section pour les détails.

La nécessité de la condition de non résonance transverse négative dans le
Théoréme Principal est une question naturelle. Dans ce sens, la Proposition [C]
ci-dessous donne une recette pour construire des exemples ou cette condition est
mise en défaut. En particulier, nous obtenons des feuilletages de type croisement
non équivalents avec des holonomies conjuguées.

Soit un champ vectoriel diagonal S = x 9y +L(p), ot L(p) = Y7 pi%i Oy
= (1, 1n) € C". Les ensembles résonnants négatifs et positifs de S sont
donnés par

NR(S):={T € L ;{(1t,T) € Z>1},
PR(S) :={K € L, \{0} ; (u, K) € Z<o},
ou (-, -) est le produit scalaire habituel du C", et nous notons par £,, de n-uples

Ke{(N"—e)U---U(N" —e,)}, tel que |K| > 0.
Le résultat suivant sera démontré dans la Section [5.5

Proposition C. Soit u = (u1,..., 1) un n-uplet dans C" tel que p; # 1 et
i 7 . Supposons qu’il existe un couple (T, K) € NR(S) xPR(S) et un vecteur
non nul A € C" tel que

1, T) + (u, K) <0,
2. le champ vectoriel z7 L(\) est analytique, et
3. (\EK) =0,

alors il existe deuzx champs vectoriels analytiques z-normalisés X, Y , avec comme
parties semi-simples S, qui génerent des feuilletages analytiques qui ont des
holonomies conjuguées le long de l'are x, mais qui ne sont pas orbitalement
analytiquement équivalents.

Comme application, nous obtenons I’exemple suivant en dimension 3.
Example 1. Les champs vectoriels
X =20 +2(1 + 2%2)(y 0y —20,), et
Y =20, +2(1 + 2%2)(y 0y —20,) — 2y*2 0y

génerent des feuilletages avec des holonomies conjuguées le long de l’aze x mais
ne sont pas orbitalement analytiquement équivalents.
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Notez que I'exemple ci-dessus correspond précisément au cas particulier
du corollaire [B] avec u = —2 et A = 2.

A la lumitre de I’exemple ci-dessus, on rappelle le fait bien connu que
I’holonomie calculée le long d’une séparatrice faible ne classe pas toujours un
germe d’un feuilletage singulier. Le feuilletage du noeud-selle dans ((C2, 0) est
probablement l'exemple le plus simple (voir, par exemple, [CCDI3|, Section
6.6.3). Cependant, & notre connaissance, ’exemple (1| est le premier illustrant
que ce phénomene peut également se produire pour I’holonomie calculée le long
d’une séparatrice forte.

98



Apercu du texte

L’outil de base utilisé dans ce travail, le concept de séries D, r-transversalement
formelles est présenté dans la section Une série D, p-transversalement
formelle est une série formelle de la forme

> fr(x)2", (5.23)
k; €N
ou zf = zM .. zFn et chaque coefficient fx(z) est convergent dans I’anneau
D,p:={zeCr<|z| < R},our,R>0.

Dans la section [2.3, nous développons la théorie des endomorphismes dans
I'anneau des séries D, p-transversalement formelles. En particulier, la moti-
vation principale est de traiter les dérivations D, g-transversalement formel-
les (dérivations sur I'anneau des séries D, p-transversement formelles) comme
des champs vectoriels avec des coefficients étant séries D, p-transversalement
formelles.

Dans le chapitre [3] nous faisons une breve introduction a la théorie des
champs vectoriels et des feuilletages. En particulier, nous formalisons de nom-
breuses notations qui seront utilisées par la suite. Une breve revue des résultats
antérieurs sur la classification analytique et formelle des germes de champs vec-
toriels singuliers est faite dans la section [3.2] Dans la section (3.1} nous con-
struisons ’holonomie d’une séparatrice donnée comme une application de la
technique du relevement de chemin. Dans la derniére section de ce chapitre,
nous exposons les travaux des Elizarov et II'ya-shenko, Helena Reis, et Mattei
et Moussu sur les relations entre la conjugaison des holonomies et la classifica-
tion analytique des feuilletages.

Au chapitre 4] nous étendons aux dérivations D,. zp-transversalement formel-
les, les notions d’application exponentielle, de forme normale et de symétries.
Apres cette étude générale, nous nous intéressons a la classe des dérivations
Dpg-transversalement formelles (dérivations sur anneau des séries de la forme
, ou chaque coefficient fx(z) est convergent dans le disque Dpg) dans la
section (4.3l

Enfin, au chapitre o} nous prouvons le Théoreme Principal et ses corollaires
en dimension trois et quatre. Dans la section [5.5] nous étudions la nécessité de
la propriété de non résonance transverse négative dans le Théoreme Principal.
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Résumé en francais

Chapitre 1: Feuilletages réguliers et holonomie

Dans ce travail, nous étudions les feuilletages analytiques générés localement
par des champs vectoriels. Plus précisément, les feuilles de tels feuilletages
correspondent localement aux courbes intégrales des équations différentielles
ordinaires associées a des champs vectoriels. Dans le premier chapitre, nous
faisons une breve introduction a la théorie des champs vectoriels. En particulier,
nous formalisons des nombreuses notations qui seront fréquemment utilisées.

Dans la deuxieme section, nous faisons une construction en détail de 1I’holono-
mie d'un feuilletage régulier. La proposition principale dans ce chapitre af-
firme que le groupe d’holonomie d’une feuille compacte décrit le comportement
transversal d’un feuilletage au voisinage de telle feuille. Nous pouvons énoncer
ce résultat comme suit:

Proposition ([CN85], Théoreme 2, Chapitre IV). Soient L1 et Lo des
feuilles compactes C*® difféomorphes des feuilletages F1 et Fo respectivement.
Les holo-nomies de Ly et Lo sont C° conjuguées si et seulement si il existe
des voisinages V1 D Ly et Vo D L1, et un difféomorphisme C° @ : V; — Vs,
O(Ly) = La, qui envoie des feuilles de Fy |y, sur des feuilles de Fa |v,. Dans ce
cas, on dit que F1 et Fo sont localement équivalents sur L1 et Lo et ® est une
équivalence locale.

En particulier, 'objectif de ce travail est de généraliser ce résultat pour le
cas singulier.

Chapitre 2: Endomorphismes, Automorphismes et dérivations

Dans ce chapitre, nous présentons un objet développé par Arame Diaw en
2019 [Dial9], les séries D, p-transversalement formelles. Précisément, I'anneau
O, rl[z]] des séries D, p-transversalement formelles est défini comme la limite
inverse des espaces polynomiaux. Dans la Section 2.2, nous nous concentrons
sur des sous-anneaux de O, g[[z]] des séries D, g-transversalement convergentes
O, r{z} et Dp-transversalement convergentes Or{z}.

Comme résultat le plus important de ce chapitre, nous établissons que I'anneau
de la derniere ligne est exactement l'intersection des les deux dans la ligne
médiane dans la Figure [5.9] ci-dessous. Dans la Section [2.3] nous développons
la théorie des endomorphismes de O, g[[z]]. La motivation principale est de
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OT‘,R[[Z”
SN

Orl|[z]] Or,r{z}
NS
Or{z}

Figure 5.9: Schéma des inclusions

traiter des dérivations D, p-transversalement formelles (dérivations de O, r[[z]])
comme des champs vectoriels avec des coefficients dans O, g[[z]] et des automor-
phismes D, p-transversalement formeles (automorphismes de O, g[[z]]) comme
des changements des coordonnées avec des coefficients dans O, g[[z]].

Chapitre 3: Feuilletages singuliers: holonomie et formes normales

La classification des feuilletages holomorphes singuliers est un sujet classique
qui remonte aux travaux pionniers de Dulac et Poincaré (voir, par exemple,
[Dul23]). La maniére que Dulac et Poincaré avaient étudié cette classification
est pour des formes normales des champs vectoriels. A un changement de co-
ordonnées pres, une forme normale d’un champ vectoriel est la maniere la plus
simple de le décrire. Cette théorie et également une petite partie du travail
de Brjuno sont présentées dans la Section Un des principaux résultats
développée par Poincaré est le suivant :

Théoréme Soit X € D(C|[[z]]) une dérivation analytique. Si l'origine
0 € C n’appartient pas & K(\), alors X est analytiquement conjugué & sa forme
normale.

Dans la Section [3.3] nous montrons comment la technique du relévement
de chemin (voir Figure @D peut étre utilisée pour construire une équivalence
entre des germes de feuilletages singuliers. Historiquement, cette technique est
utilisé parallelement avec la théorie de formes normales dans tous les résultats
de classification des feuilletages déja produits.

Pour illustrer I'usage de cette technique, nous avons donné 'idée de preuve
du théoréme suivant, démontré originalement par Mattei Moussu [MMB80a].

Théoréme [3.3.2l Soit X un germe de champ vectoriel analytique singulier
dans 0 € C* avec des valeurs propres 1 et A € C\R<q. Alors, X est analy-
tiquement équivalent a sa partie linéaire si et seulement si I’holonomie d’une
séparatrice du feuilletage F engendrée par X est linéarisable.

Chapitre 4: Application exponentielle et crochet de Lie

La notion de dérivations D, r-transversalement formelles nilpotentes et leur
exponentielle sont cruciales pour ce travail. Plus précisément, le logarithme,
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La courbe v’ est le relévement de v sur la feuille F5.

Figure 5.10: Le relevement d’un chemin ~.

I’application inverse de ’application exponentielle, d'un changement de coor-
données tangent a l’identité est une dérivation nilpotente. Avec cette identifi-
cation, nous pouvons prouver la formule suivante

(exp X)'Y = X +[X, Y]+ 5 [X, (XY + .. (5.24)

Dans la premiére section, la notion de dérivation nilpotente de D(O,, g[[2]]),
qui est le O, g[[z]]-module des dérivations de O, g[[z]], est introduite. Dans la
suite, nous explicitons la correspondance bijective entre les dérivations nilpo-
tentes et les difféomorphismes qui sont donnés par l’application exponentielle.

Dans la section de nombreux objets importants comme les applica-
tions ad et Ad et la décomposition erponentielle d’'un changement de coor-
données D,. r-transversalement formel x-normalisée sont définis. En particulier,
ce dernier permet d’étendre, en quelque sorte, la Formule . Cependant,
le concept de plus important introduit dans ce chapitre est celui de symétrie
D, g-transversalement formelle. En effet, la technique développée par Arame
Diaw [Dial9l, qui est explorée ici, est basée sur les symétries des générateurs
locaux des feuilletages.

Dans la section nous calculons explicitement une forme normale pour
des dérivations D, r-transversalement formelles. De plus, nous caractérisons le
centre d’une dérivation D pg-transversalement formelle nilpotente xz-normalisée
qui n’ayant pas de résonance transverse négative. Plus précisément, la propriété
de non résonance transversale négative énoncée dans l'introduction peut étre
reformulée comme suit.

Definition Nous dirons qu’une dérivation z-normalisée X € Dporm(Or|[2]])
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n’a pas de résonance transversale négative si
<:U’7[’n> n ZZI = ®7

ot 1,1y, ..., by sont les valeurs propres de X et p = (f1,.- ., fin)-

Chapitre 5: Caractérisation d’un feuilletage singulier par
I’holonomie

Comme montré ci-dessus, si les holonomies de deux feuilletages réguliers
sont analytiquement conjugués, alors il est possible de construire un change-
ment de coordonnées qui envoie un feuilletage dans I'autre. En conséquence
de ce résultat, nous montrons dans la section qu’il est toujours possible de
construire un automorphisme x-normalisé qui conjugue des générateurs locaux
de feuilletages de type croisement (F, H,T') et (G, L,) sur un voisinage dans
D, g si les conditions suivantes sont satisfaites :

(a) Les parties linéaires des générateurs locaux de (F, H,T") et (G, L, ) sont
conjuguées.

(6) Le générateur local de F (et donc celui de G) n’a pas de résonance transver-
salement négative.

(c) Les I'-holonomie et 2-holonomie sont analytiquement conjuguées.

A la fin de la section nous montrons une hypotheése moins restrictive sur
les valeurs propres des générateurs locaux que la condition [[g] La décision de
faire |[(a) comme hypothese principale n’était pas seulement pour garder la sim-
plicité de ’énonce du Théoreme Principal, mais aussi parce que cette condition
ne représente aucune nouvelle restriction aux feuilletages équivalents. La sec-
tion [5.3| contient la preuve du résultat principal de ce travail et son application
en dimension 3.

Soient deux feuilletages de type croisement (F,H,T) et (G,L,Q). Si un
automorphisme @ : U  (C"**,0) — V  (C™*,0) satisfait ®(HNU) = LNV
et &(I'NU) =NV, il est clair que, dans des coordenées adaptées, ¢ préserve
I'hypersurface lisse {x = 0} et la courbe lisse {z = 0}. Algébriquement, nous
dirons qu’un automorphisme est (z,z)-préservé ¢’il satisfait satisfait

L ®((z))  ((z)),
2. (I)(<Zl772n>) C <Zl7~-~;zn>7

ou (z) et (z1, ..., z,) sont respectivement I'ideal généré par les fonctions f(z,z) =
x et g;(x,2) = z;, pour i € {1,...,n}. Donc pour étudier ’équivalence analy-
tique des feuilletages de type croisement, nous pouvons nous restreindre aux
automorphismes (z,z)-préservés. Dans la Section nous faisons ’étude de
ce type d’automorphismes.

Dans la section nous étudions la nécessité des conditions et
En particulier, nous montrons que la condition [(8] est presque optimale.
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Plus précisément, soit une dérivation semi-simple S = z0x+L(u) ot p =
(41, .-+, ptn) € C™. Nous rappelons que associés a la dérivation S, on a les
ensembles résonnants négatifs et positifs données par

NR(S) = {T S £n ;(,u,T> S Zzl}’
PR(S) := {K € L, \{0} ; (1, K) € Z<o}-

Nous démontrons que si un générateur local z-normalisé avec une partie
semi-simple S = zJy+L(p) a un ensemble non vide NR(S), alors, d’autres
hypotheses, il y a deux champs vectoriels satisfaisant |(a] et [(c] ayant S comme
partie semi-simple, mais qui ne génerent pas des feuilletages analytiquement
équivalents. Plus précisément, nous pouvons prouver le résultat suivant :

Proposition Soit p = (p1,. .., n) un n-uplet dans C" tel que p; # 1 et
i # . Supposons qu’il existe un couple (T, K) € NR(S) xPR(S) et un vecteur
non nul A € C" tel que

L T) + () <0,
2. le champ vectoriel zT L()\) est analytique, et
3. (\K)=0,

alors il existe deux champs vectoriels analytiques x-normalisés X et'Y, avec S
comme parties semi-simples, qui génerent des feuilletages analytiques qui ont des
holonomies conjuguées le long de l'aze x, mais qui ne sont pas analytiquement
équivalents.

Comme conséquence de ce résultat, nous avons prouvé que la conjugaison
des holonomies n’implique pas I’équivalence analytique des feuilletages comme
dans le cas régulier.
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Index

(z,z)-preserving formal
automorphism,

(z,z)-preserving formal derivation,

Dpg-transversely formal series,

Dpg-transversely formal change of
coordinates,

D, r-transversely convergent
conjugation, [42]

D, g-transversely formal change of
coordinates,

D, g-transversely formal series,

5

D, g-transversely formal
symmetry, 23]

I-holonomy,

Q-holonomy,

Dpg-transversely formal derivation,
LLO)

D, p-transversely formal
derivation,

D, r-transversely equivalence,

z-normalized automorphism, 23|

x-normalized derivations, 25] 27]

Adapted coordinates,
Analytically classified by its linear
part and its I'-holonomy,

il
Antihomomorphism,

Bonding map, [7]
Brackets operator,

Conjugated holonomy groups, [0]
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Correspondence map,
Crossing type foliation,

Diagonal derivation,

Foliations analytically equivalent,
5%

Formal power series, [§]

Formal series,

Fuchsian singularity,

Gauge equivalent,

Gauge transform,

Graded lexicographic order,
Group antihomomorphism, [

Holonomy group at a point, [0]
Holonomy group for a leaf, [6]
Holonomy map associated with a

path,
Integral curves,
K-jet space, [1]
Leaf,

Linear automorphism, [J]
Local equivalence, [0]

Negative resonant set,
No transverse negative resonance,

et
Normal form,

Opposite group, [f]

Order of a formal series,

Ordinary differential equations
associated, 2]



Plaque, [4]
Positive resonant set,

Regular analytic foliation,

Residue matrix,

Resonant Fuchsian singularity, [30]

Resonant monomial derivation,

Resonant term, 26]

Ring of D, g-transversely
convergent series,

Ring of Dg-transversely
convergent series,

Separatrix, [12]
Singular set,
Strict Siegel type,
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Summable sequence,

Tangent bundle, [2]

Tangent space, 2]

Tangent to the identity to order, 2]
The first homotopy group,

The local generators,

Transverse Section, []

Truncation map,

Vector fields’ conjugation, [3]
x-normalized derivation,

x-normalized local generator, [32]
x-normalized vector field,
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